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Abstract. Burgers equation is a partial differential equation that is a convection-diffusion equation, which arises
in many areas of applied mathematics including gas dynamics, nonlinear acoustics, fluid mechanics, and traffic
flow. There are several forms of Burgers equations in the literature that are studied by researchers. In this
study, using Lie group analysis, we explore a combination of two Burgers hierarchies which is called the mixed
doubly nonlinear dispersive Burgers (mDDB) equation. Firstly, we compute the Lie point symmetries of the
mDDB equation and then construct the optimal system of one-dimensional subalgebras. Using this optimal
system we transform the mDDB equation into several nonlinear ordinary differential equations, which are then
solved using various methods including the simplest equation method and the power series expansion method.
Furthermore, we present the 3D, density, and 2D graphs of the derived solutions that demonstrate their dynamic
behaviours. Finally, the conserved vectors of the mDDB equation are displayed using the multiplier technique

and Ibragimov’s method. These include the conserved energy and linear momentum.
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1 Introduction

A nonlinear partial differential equation (NPDE) is a partial differential equation which con-
tains nonlinear terms in it. Such equations describe many distinct physical phenomena of natural
world. Compared to linear partial differential equations, NPDEs are far more difficult to solve
because of their nonlinearity, which frequently results in the lack of explicit analytical solutions.
Many physical systems, such as the nonlinear heat conduction equation arising from automated-
vehicle traffic flow models (Theodosis et al., [2024), the 3D incompressible Navier-Stokes equa-
tions of fluid dynamics (Liu & Li, [2024), antispiral wave formation in reaction-diffusion systems
(Gong & Christini, 2003) involve NPDEs. These equations are crucial for effectively simulating
real-world phenomena because they frequently represent complex behaviour that linear models
are unable to grasp.
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Determining the analytical solutions for NPDEs provides a thorough understanding of the
real-world appearance of the problem. Because NPDEs are so complicated to solve, it might be
difficult to obtain their analytical solutions. Nonetheless, there are some special methods in the
literature where special analytical solutions can be found. One method for locating precise an-
swers is variables separation. This approach is effective for some NPDE types, particularly those
that can be divided into more manageable ordinary differential equations (ODEs) by appropri-
ately changing some variables (Polyanin & Zhurov, 2021). There are numerous other approaches
to find special exact solutions of NPDEs. These include inverse scattering transform method
(Ablowitz & Clarkson, 1991)), the Hirota bilinear method (Li et al., [2019), (G’/G)-expansion
technique (Wang et al., 2005), power series solution technique (Feng et al. |2017; Simbanefayi
& Khalique, 2020), Darboux transformation approach (Zhang et al., 2020), Painlevé expansion
technique (Weiss et al.l [1985)), bifurcation approach (Zhang & Khalique, 2018)), homotopy per-
turbation (Chun & Sakthivel, |2018]), extended homoclinic test technique (Darvishi & Najafi,
2018), Lie group analysis (Ovsiannikovl, |1982} |Olver, 1993; Ibragimov), |1999)), the simplest equa-
tion method Kudryashov| (2005); Zhao et al.|(2013)), and few others. For example, see (Khalique
& Adeyemol, 2020} [Kudryashov], 2019} [Adeyemo et al. [2023; [Alhasanat] [2023; |(Chen & Yan| [2005}
Simbanefayi et al., [2023; Mal, 2015; [Zhau & Han, [2017)).

The study of integrable hierarchies is a significant and interesting topic in solitary wave
theory. In Wazwaz (2010), the author investigated the Burgers hierarchy. The first and second
elements in this hierarchy are

and
ug + 3autug + Baui + 30Uty + QUgry = 0, (2)

respectively, where 5 and « are real constants. Equation is also known as the Sharma-Tasso-
Olver (STO) equation in the literature. See [Yan & Lou| (2020)); |[Zhou & Zhuang (2022)). The
Sharma-Tasso-Olver-Burgers equation (Yan & Loul |2020; Zhou & Zhuang), [2022), also known as
the mixed doubly nonlinear dispersive Burgers (mDDB) equation (Alquran et al., 2023|) reads

g + 3auu, + 3au? + 30ty + 2Buty + Bl + gz, = 0 (3)

with u(t, x) being the unknown function. Clearly, for o = 0, equation reduces to the Burgers
equation, while when 8 = 0, equation represents the STO equation.

A few research that investigated certain physical characteristics and specific solutions of
mDDB equation (3)) has been recently published in the literature. For instance,|Yan & Loul (2020)
found kink, half periodic kink and breather solutions for mDDB equation by incorporating
the velocity resonant mechanism. The authors|Zhou & Zhuang (2022) focused on the geometric
properties of mDDB equation and reported exact explicit kink wave solutions. |Alquran et
al.| (2023) utilized different methods and obtained new explicit solutions with different physical
waveforms, that included lump, kinky, and periodic solutions. Kudryashov’s method and rational
sine-cosine were used to derive kinky waves and singular periodic wave solutions. Moreover,
Hirota bilinear form was employed to retrieve lump-type solutions of . Gomez & Hernandez
(2017) studied equation with variable coefficients, namely

u(x,t) 4+ (1) [ulz, 1) + u(w, t)ug (2, t) + g (z, )]s
O it (,2) + (2, 1)] = 0, @)

where 0(t) and p(t) are functions of the variable time, ¢. Travelling wave solutions of (4)) were
investigated by invoking two method; the improved tanh-coth technique and the exp-function
technique. The solutions obtained by the two methods were then compared.

The remainder of the paper is structured as follows. Section 2 provides analytical solutions
of and it is divided into the following parts: firstly, we compute symmetries and use them to
generate optimal system of one-dimensional subalgebras. Thereafter, we use the optimal systems
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to perform symmetry reductions and construct analytical solutions. The simplest equation and
power series methods are the two approaches used to find solutions. In Section 3, we apply the
multiplier approach and Ibragimov’s method to construct the conserved vectors of equation .
In the last Section 4, we summarize the work done in this paper.

2 Analytical solutions of

We use Lie group analysis in conjunction with different techniques, such as the Riccati and
Bernoulli equations as the simplest equations along with power series method to construct
analytical solutions for the mDDB model .

2.1 Lie point symmetries of
We consider the infinitesimal generator for the symmetry group as

0 0 0
_ &l Y 2 9 39
R_q)8t+¢6:n+q) 50

where the coefficient functions ®!, ®?> and ®* depend on ¢,z and u. Invoking the invariance
condition

RFIA|a= =0, ()

with A = uy + 3auu, + 3ocu325 + 3autg, + 2Buty + Blzy + Gy, we shall obtain the point
symmetries of equation (3)). Here R is the third extension of R given by (Ibragimov| (1999))

9 0 ) |
3] _ 9 9 9 9
R R+ G o, +( + Co 5u T Caa (6)

)
Ouy Uzg OUggr

with the (’s given as

G = Dy(@%) — u; Dy(@) — up Dy(27), (7)
(o = Do (@) — Dy (®") — uy Dy (9?), 8)
Cmc = Dx(C:c) - Ut:cDx((Dl) - u:ca:Dx((I)Z)y (9)
me = D:E(CLE.Z’) - uthDm((Dl) - ux:m:D;t(q)z) (10)
in which total derivatives D; and D, are defined as
D —g—kug—ku i—ku i—i—u i—k
t — at tau tt aut tx auI trx 8Uxx ) (11)
D —Q—i-u 2+u i+u i—i—u i—l—
T — 833 x 8U TT 8UI tx aut TTT 8“3095 .

With the help of scientific program Maple, expanding and separating on derivatives of u
produces a linear homogeneous system of PDEs

Bl =0, dL =0, BL =0, B2 =0, 9ad? 4 2820} =0,
302 — @} =0, 9a®® + (B + 3au)d} = 0.

Solving the preceding equations yields
d! = 9aCit + Cy, D% = 3aCiz — 28°Cit + Cs, > = —BC, — 3aChu (12)

with C1, C2, and C'3 being constants. Consequently, the symmetry group of consists of three
point symmetries, namely
0 0

a0 2= g ot

Rs = 9atﬁ + (Bax — 262t) 9 (B + 3au) 9 (13)

R = ox ou
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of which first two are translations in ¢ and x, respectively.
One-parametric transformation groups associated with (13
On solving Lie equations (Ibragimov]| (1999))
dt _ dz du
— =0 flpo=t, =@ Fho=2, — =P Uho=u
dh 5 ‘h—O 5 dh ’ ‘h—O ; dh 5 ’h—O 5
where ®!, ®2 and ®* depend on (£, Z,u), h is the group parameter, and for each R;, the group
transformatlons T}, are given by

Ty, : (6, z,10) = (t + hy,z,u),
Ty, : (6, Z,10) = (t,x + ha,u),
Thy = (5,7, 3) = (%3¢, ze3hs 4 (52 /3a)te3*Ms — (5% /3a)te?s,

e 3" 4 (8/3a)e™"s — (5/3a)).

2.2 Optimal system of one-dimensional subalgebras

The idea of the optimal system of one-dimensional subalgebras of a particular Lie algebra for
representing essential distinct invariant solutions was introduced by |Ovsiannikov| (1982)). Using
the Lie series

82

S [Ris [Ri Ryl =+,

Ad(exp(eR:))R; = Y %(adRi)”(Rj) =R;—e[Ri, Rj| +
n=0

we create the adjoint representation, where € is a real number. The commutator of R; and R;

is defined as
[Ri,Rj] = RiRj — RjR;.

Table 1. Commutator table of the Lie algebra of

[, ] R1 Ro Rs3

R1 0 0 9aR1 — 26°Rs
Ro 0 0 3aRy

Rs | —9aR1 + QﬁQRQ —3aRs 0

Table 2. Adjoint representation of subalgebras

Ad Rl RQ R?)

R R1 Ro —9aeRq + 2,32€R2 + R3
Ro R Ro —3aeRo + R3

Rg egasRl . 52€3a6§26a5—1)R2 e3aeR2 Rg

We utilize Table 1 and Table 2 to compute an optimal system of one-dimensional subalgebras
for equation ((3)) [Ovsiannikov| (1982)); [Olver| (1993)). Thus, the set

{Rl + VR27 R27 R3}

is an optimal system for equation , where v is an arbitrary constant. Finally, it is important
to note that the optimal system of subalgebras is not unique. It is determined by the selection of
a representative from each class of related operators. As a result, the type of solutions included
in an optimal system of invariant solutions is determined by the representatives chosen. The
selection of representations has no impact on the number of invariant solutions in the optimal
system, since the number of the classes of similar operators does not depend on the choice of
representatives.
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2.3 Symmetry reductions and analytical solutions

Now, we use the optimal system obtained in the previous section and perform symmetry reduc-
tions and compute analytical solutions of the mDDB equation .

Case 1. R1 +vRso

We consider the first member of the optimal system, namely R = R1 + vRo, where v is a
constant. Associated Lagrangian system for symmetry R yields two invariants

f=z—vt, Q(f) =ul(t,z). (14)

Treating @ as the new dependent variable and f as the new independent variable, the mDDB
equation reduces to an ODE

30Q*Q" — vQ' +30Q” +30QQ" +28QQ" + Q" + aQ" = 0. (15)

Solutions of via the simplest equation approach

We solve the nonlinear third-order ODE using the technique known as the simplest
equation approach (Kudryashov, |2005; |Zhao et al., 2013)). The simplest equations used here are
the Riccati and Bernoulli equations, given respectively by

R'(f) = mR*(f) +1R(f) +n (16)
and
R'(f) =IR*(f) + mR(f), (17)
where [,m and n are constants. We seek solutions to equation of the kind

M
Qf) =Y _Ai(R(f)), (18)
=0

where R(f) solves the Riccati equation or the Bernoulli equation (17), Ao,..., Ay are
parameters that need to be determined, and M is a positive integer that may be found by
balancing the highest-order linear term in equation with the highest-order nonlinear term.

The Riccati equation solutions that we utilize in this context are provided by |Zhao et
al.| (2013)

l 6 1
and
9
R(f) =~ — 2 tamn <9 f> ; o (%) (20)
=——— —tanh|( =
2m  2m 2 S cosh (%) — 2 ginh (%)
with 62 = 2 — 4mn and S a constant of integration.
For the solutions of the Bernoulli equation (17)), we utilize Zhao et al| (2013)
—mcy
R(f) = 21
(/) [ (c1 + cosh (m (f + ¢p)) — sinh(m (f + ¢p))) (21)
and L b
R(f) = —m(cosh (m(f + ¢o)) + sinh (m(f + ¢o))) (22)

I(c2 + cosh[m (f + ¢g)) + sinh (m(f + cp)))’

where ¢y, c1, and ¢y are constants.
Solutions of using the Riccati equation
We find M = 1 by balancing the linear term of highest order with the nonlinear term. Then
is of the form
Q(f) = Ao+ ALR(f).
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Inserting the above value of Q(f) into , using the Riccati equation and splitting on
powers of R(f), result in the algebraic system of equations given by

2aAm®+3aA’m®+ aAPm =0,

12alm?A; + 15almA? +3alA® + 6am2A0A1 +6 amA0A12
+28mPA; +2B8mA”* =0,

aAiPn+3aAiAgn +2a Aymn® +3a A1%n® + 3a A1 A’n
+BAIn+28A1A;n —v Ain =0,

Tal’mA; +6al?A:%2 + 9« ImAgA;1 + 6alA0A12 +8am’nA;
+12amnAi2 +3amAg’A; +3anA® +38ImA, +281A,2
+28mAgAL — mrv Ay =0,

alPA; +3alPAgAr + 8almnAy + 9alnA® + 3alAg® Ay + 6 amndo A,
+6andgA? +BI12A; +281A0A1 + 28 mnA; +28nA%2 — v Ay = 0.

By utilizing the Maple software, the solution set of the above system is

1 1
Ay = 3. (B+3al), Ay =—-2m, v= 3 (3a2l2 — 12a%mn — ,82) .
!

«

Therefore, the solutions for the mDDB equation corresponding to the Riccati equation as
simplest equation are

1 l 0 1
=_— —2m{—— — —tanh |- 2
u(t, ) o (B + 3al) m{ 5 " 2 tan [29(1‘" + S)] } (23)
and
1 l 0 1
t,x) = — — l)—2 ——— — —tanh | =6
u(t, x) 3a(6+3a) m{ 5~ 5, tan <2 f>
sech (%)
+ ; Y (0 (24)
S cosh (Tf) — 27’” sinh (%)
where S is a constant of integration and 6% = 1% — 4mn.
Solutions of (15)) using the Bernoulli equation
As before, the balancing procedure yields M = 1, and takes the form
Q(f) = Ao+ A1 R(f). (25)

By substituting the value of Q(f) from into , utilizing the Bernoulli equation , and
splitting on powers of R(f), we get the following system of four algebraic equations in terms of
Ao and A1:

20 A3 +30 A%+ a APl =0,

aAm+3aA1Agm? +3a A1 Ag*m + BAME+ 28 A1 Agm — v Aym = 0,
120 A1 Pm+6a A1 Agl? + 15 A2 lm + 6 a A12 Agl + 3ac APm + 2 8 Ay 12
+2B8A:% =0,

TaAllm? +9aA1Aglm +3a A1 Al + 6 A°m? + 6 A2 Agm + 3 8 Ailm
+2B8A1 40l +28 A*m —v Al = 0.
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Using Maple, we solve the above system of equations and obtain

1 1
Ag=—— A= -2 = —(3a’m? = 2.
0 3o (5 + 3am), 1 l: v 3o (3& m /8 )
Consequently, the solutions of the mDDB equation are
1 —mcy
t = —— 3 — 2l 26
() = g (8 3am) 2 @9

and

u(t,x) = ~i1a

1 (ﬁ + 30[771) o 2l{ _m(COSh (m(f + CO)) + sinh (m(f + CO))) }’ (27)

I(c2 + cosh[m (f + co)) + sinh (m(f + )))
where f = x — vt and ¢q, ¢1, co are constants.

Case 2. Ry

We now consider the second member of the optimal sytem Ry = 9/0z. Utilizing the asso-
ciated Lagrangian system, we get ¢ and u = D(t) as the invariants. Using these invariants, the
mDDB equation is reduced to D'(t) = 0, which yields the solution of as u(t,x) = Cy,
where (' is a constant.

Case 3. R3

Finally, the last member of the optimal system, namely

R3 = 9at% + (3ax — 26%t) (%: — (B + 3au) %
yields the invariant solution
u(t,z) = W(N)/t3 — B/(3a), A= (3az + B2)/(3at3).
The mDDB equation reduces to the nonlinear ODE
IaW2W' + 9aW" — AW’ — W + 9aW W’ + 3aW" = 0. (28)

Solutions of (28] via the power series method
Suppose that the solution of equation can be expressed by

W) =) NpA™, (29)
m=0
where Np,(m =1,2,3,...) are constants to be determined. Then we have
W/(A) =Y (m+ 1Ny X7, W) =D (m+2)(m+ 1)Npy2 X",
m=0 m=0
W”(A) =Y (m+3)(m +2)(m + 1) Npya\™.
m=0

Substituting the above values of W (), W/()), W”(X), and W ()) into equation (28), we get

9 [i N, ™ [i Nm)\m] [i (m + 1)Nm+1)\m]
m=0 m=0

m=0
+9a | > (m+ 1)Nm+1/\m] [Z(m + DNt A" = > mNp A™
m=0 m=0 m=0
= N AT 490 | ) wa] [Z (m +2)(m + 1)Nm+2x"]
m=0 m=0 m=0
+3a ) (m+3)(m+2)(m+ 1) Np3A™ = 0. (30)

m=0
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Evaluating the above equation on m = 0,1, we obtain the values of N3 and N4 in terms of
No, N1 and NQ as

1
N3 = o= (No = 9aN§N1 — 9aNf — 18aNoNo) .
«
1
Ni= == (2N1 — 18aN{ Ny — 3603 — 54aN1 N3) .
«

Furthermore, the general formula associated with is

1 m k
N, = 9 k+ 1)NiNg_iNp—k+1 — mN,
5 = G T ST L 2 2k DN
m—2
— Ny, +9azm k+2)(m —k+ 1)NpNpgra + 9 Y (m—k—1)
k=0 k=0
X (k+ 1>Nk+1Nm_k_1}, (31)
for m > 0. Without loss of generality, from equation , we have
m k m—2
|Nonts| < M [ZZNN,C N1 + [N \+Z|NkNm kol + Y [Nk Nonop ﬂ} (32)
k=0 i=0 k=0 k=0
for m=0,1,2,..., where
Yo —-m—1
M =M
aX{|(m+3)(m+2)(m+1)|’ |(m+3)(m+2)(m+1)|}

Now, to prove the convergence of the power series solution of (29)), we introduce a new series

o
z) = Z gmz" (33)
m=0
with ¢; = |N;| (1 =0,1,...) and
m k m—2
Gm+3 = M ZZ (4i%k—iGm—k+1) + Gm + ZQka k+2 T Z Qr+1Gm—k—1| (34)
k=0 i=0 k=0 k=0

for m =0,1,2,.... Thus, from and (34), it becomes evident that
|Nm’ < @qm, m=0,1,2,....

The above equation implies that equation is a majorant series for equation . Lastly, we
want to show whether the series n = T'(z) has a positive radius of convergence. The following
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result can be obtained using formal computation:

[o@)
T(z) =qo+ qz + G222 + q32° + quzt + Z qm+3zm+3

m=2

m o0 oo m
DN Gtk iGm k12D @™ DY Gk k22

00 k
m=2 k=0 i=0 m=2 m=2 k=0
oo m—2

=M

Ger1dm—k—12" | + a2t + 32 + @2 + iz +
m=2 k=0
=M [(a3g6 + 4 q0a105 + 4 Q09204 + 2 q0a3 + 3 ¢1qa + 6 q102q3 + 45 + qoqr
+2q1q1 + Q16 + 2¢2q3 + 2q2g5 + 2 q3q4 + a5) 2° + (q3q5 + 4 Q09104 + 4 Q04243
+3q1a3 + 30105 + Q046 + 2103 + @15 + @3 + 2q2qs + g3 + qa) 27
+ (g8a1 + 4 qoq13 + 2 q0g3 + 3¢5 q2 + qogs + 2 12 + 1q4 + 2 q2q3 + q3) 2°
+ (@5as +4aomaz + ¢ + oaa + G + (@3 + G + @) 2°] + @zt + g3
+ q222 + q12 + qo-

_l’_

It is sufficient to show that implicit functional equation X'(z,7) is analytic in the neighbourhood
of (0,qp). Now, considering

X(z,m) = — M [(¢§as + 4 q0q105 + 490294 + 2 qoq3 + 3qiqs + 6 q14203 + G5
+q0q7 + 2 Q191 + Q16 + 2¢203 + 2 42q5 + 2 34 + a5) 2° + (4505 + 4 qoq1q
+490g2q3 + 34703 + 30105 + qod6 +2¢103 + 0145 + @ +2qoqs + G5 + qu) 27
+ (g6as + 490q1a3 + 2 0G5 + 341q2 + qogs + 2q1G2 + q1q4 + 2 g2q3 + g3) 2°
+ (a3 + 4900102 + @ + Qoqs + G + a3 + G + @2) 2°] — quet — g32°
-7 —qz—q -,
it is evident that & (z,1) = X (0,q0) =0, A} (0,q0) = 1 # 0. By applying the implicit function
theorem, we claim that 7 = T'(z) is an analytic function near the point (0, qg), as described in

Rudin| (2015); Fichtenholz (1970). This suggest that the power series solution of equation ({3
converges in the vicinity of point (0,qp) in the plane. Thus, the power series solution of the

ODE is

W(A) = No+ NiX+ NoX® -+ NgX® + NyA + > Npp g A", (35)

m=2

Therefore, keeping equation (35)) in mind, the power series solution of the mDDB equation
is given by
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2
u(t, ) = tll/ii{NO + N < ! — (3o + 6%)) + N, < (3ax + B%))

3ats 3at%

1 1 3
+ — (No — 9aNG Ny — 9aNT — 18aNyN,) < - (3ax + ﬁ%))
18a 3ats

4
(2N1 — 18aN7 Ny — 36N — 54aN1 N3) < (Bax + ﬁ2t)>

30415%

MRS
T2c
00 1 m k

— 9 —k+1 N; N, i
mz:; [3a(m+3)(m+2)(m+1)< akzzmo(m JNiN

m
X Npp—g+1 — (m + 1) Ny, + 9 Z(m —k+2)(m—k+ 1)NpNp—_ki2

k=0
+9a ) (m—k—1)(k+ 1)Nk+1Nm—k—1)] < r(3ax + 520) }
k=0 304755
_ B
3o’

2.4 Results and discussion

In this section, we give different graphical representations to demonstrate the physical look of
the solutions of the mixed doubly nonlinear dispersive Burgers equation solutions. Thus, to
view the dynamics of the solutions, we assign values to the constants in the solutions. Figure 1
depicts the dynamics of the solution in 3D, 2D and density plots when the speed of the wave
v = —0.1 and other parameters « = 1.2, 6=2,1=30,m=-5,n=5,5=0, -5<t,z <5b.
Similarly, for the dynamics of the solution , in Figure 2, we assign different values
v=-01,a=12,=2,1=30,m=-5,n=5,5=—-4, —-10<t <10, and -5 < z < 10.

-4 -2 0 2 4

Figure 1: Kink shape graph of solution in 3D, density and 2D for —5 <t,x <5.
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5 0 5 10 =30

Figure 2: Profile of in 3D, density and 2D for —10 < ¢t < 10, —5 < = < 10.

Moreover, for Figure 3 representing solution , we assign a = 1.4, g = 3, v = —0.1,
=05 m=3,¢g=0,c0 =1, =5 <t,x <5, for 3D, density and 2D plots.

-4 -2 0 2 4

Figure 3: Profile of solution of in 3D, density and 2D for —5 < t,x <5.

Furthermore, for Figure 4 which represents solution , we choosea = 1.4, 5 =3, v =—0.1,
=05 m=3,¢cg=0,c0=1, -10 <t <10, =5 <z < 10 for 3D, density and 2D plots.

-10 -5 0 5

Figure 4: Profile of in 3D, density and 2D for —10 < ¢ < 10, =5 < z < 10.

3 Conservation laws for ((3))

Conservation laws play a crucial role in solving DEs. Identifying these laws is usually the first
step in deriving solutions to DEs. Also, the presence of numerous conservation laws in a PDE
suggests that the PDE is integrable . Here we obtain conservation laws for the
nDDB equation by invoking two different techniques; the multiplier method
and the conservation theorem due to Ibragimov (Ibragimov, 2007).
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3.1 Conserved vectors of using multiplier method

We employ the multiplier technique to get conserved vectors of the nDDB equation . Ac-
cordingly, we compute the zeroth-order multipliers Z(¢, z,u) by using its determining equation

0
Su {I(t, x,u) (ut + 3auu, + ?)()zufj + 3auty, + 2Buty + Pugs + ozumx)} =0, (36)
where 0/0u is the Euler operator

0 0 0 0 0 0

— =— —Dy— — D,— + D? - D3

Su Ou tOu  TOup T Oums " OUses |
and D; and D, stand for total derivatives. Expanding and splitting on derivatives of u
we obtain a system of PDEs, Solving this system, we obtain Z = (', where C} is a constant.
Consequently, the multiplier is Z = 1. A multiplier Z for the mDDB equation has the
property that

Tlus + 3auu, + 3au926 + 3ty + 28Uty + Bugy + QUges] = DTt + DT, (37)

where T represents the conserved density and 7 is the spatial fluxes. Hence, from the above
equation, we obtain the following conserved vector:

Tt =,

T = au® + 3o, + Bu? + oty + Bug.
Remark. It should be noted that the multiplier Z = 1 reveals that the mDDB equation is
itself in conserved form. Moreover, it is imperative to emphasize that the first-order and second-

order multipliers of the mDDB equation also produce the same multiplier as the zeroth-order
multiplier that is given above.

3.2 Conserved vectors of using Ibragimov’s method

We derive the conserved vectors of the mDDB equation using the Ibragimov’s approach
(Ibragimov, 2007). With this approach, a distinct connection between every infinitesimal gen-
erator and a conserved quantity is produced. We first write down the adjoint equation of ,
which is

)
F* = i [v {us + 3auu, + 3ou? + 3autiy, 4+ 2Buty + Bz, + Mg }| =0, (38)

where the new variable v depends on ¢ and z and

0 0 0 0 0 0
—=——-Di——D — D? - D3
ou  Ou t@ut ¥ Ouy T gy T O +
is the Euler-Lagrange operator with the total derivatives
D A . A
= —Fuy—Ftvn—tup— + vy U + Vg + -
! ot ou ! tav ! ou T "ov T Tou, | T ow, ’
D P A L AR A (39)
= — F UtV F U F Vg F Ut + Vgt + -+ .
v ox T ou T ou " Ou, vy ot ouy ot ovg
Expanding equation we get the adjoint equation as
30Uty — 2Buvy — 3avgu? 4 6Lzt — v + 60UzVE — QVUgps + Bz = 0. (40)

The formal Lagrangian for equation and its adjoint equation (40)) is

L= {ut + 3auug + 30[7@ + 3oty + 20uty + By, + aumx} . (41)
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The following generator is obtained by extending the Lie symmetries of to the recently
introduced variable v(t, z):

0 0 0 0

— 4+ PP+ —

ot o T o Mo

where 11 = v[\ + D(®') + D, (®?)] and the value of \ is determined from RIZ(F) = A\(F). The
following formulae (Ibragimov, 2007)) will be used to calculate the conserved vectors correspond-
ing to the symmetry generators based on the Lagrangian :

K=a!

OL
oug.’

C' =L+ W <aug Dige

) + Dp(W*?) (42)

where W is the Lie characteristic function given by W& = n® — &/ u§ (Ibragimov, 2007). Using
the formula , we compute the conserved vectors corresponding to the three Lie symmetries

of .
Case 1. We first take the symmetry Ry = 9/0t into consideration. The energy conserved
quantity vector (7%, T}) associated to symmetry R is given by
Tf = 30y uv + 30Uy Ut + QUgprV + 2Buzuv + Pug,v,
¢ = — 3o v + 30upvpu — 300U + 30UptLY — QUUe — 2BUpun — Loty
— QULVgg + QU Uty + ﬁutvx-
Case 2. For the second symmetry Ry = 0/0z, the associated momentum conserved vector
(T4, T%) is given by
TS =uy — v,
Ty = 3auiv + 30UVt + UV — QUL Vg + QUL Ve + BUgVs.
Case 3. The symmetry R3 = 9atd/dt + (3ax — 28°t)0/0x — (B + 3au)d/0u yields the
associated conserved vector (T%,7T5) as
T§ = 270 tu, uv + 270 Uy uv + 90 Uy rrv + 18aftu,uv + 9aftusv — 3axu,v
+ 28%tuzv — 3auv — fo,
T3 = 9a2mu§v — 9a%uzuv + 902v,u? 4 90’ zugvau — 90 U — 30 Uppu
— 27a2tutu2'u + 27042tutuzv + 27a2tutvxu — 27a2tuvum — 9a2tvutm
— 6a52tu332v — GQﬂQtUvau — 3afu,v + 6afvu — 18afturuv — 9aftvuy,
+ 3azuw — 28%tuw — 9audv — 9afuv — 28%uv — 9P turvy + 90 tug s,
— 20ty Uy + 2082 tug vy + 9 Btuvy — 283 tugvy + 602 Upvy + 302 T ULV

— 302Uy vy + 3afxuyvy — afvg, + ﬁ%w.

4 Concluding remarks

To summarize the work done in this paper, we discovered new exact solutions to the mixed
doubly nonlinear dispersive Burgers equation by utilizing Lie group analysis as well as
the simplest equation method and the power series expansion method. We demonstrated that
this equation has several forms of solutions that included kink-shaped solutions. Moreover,
to demonstrate the dynamics of the solution profiles, a graphical depiction of the discovered
solutions for acceptable parameter values was also given. Futhermore, using the general multilier
technique, we found out that the mixed doubly nonlinear dispersive Burgers equation (3)) is itself
in conserved form. Moreover, the conserved quantity of energy and linear momentum amongst
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others were extracted from the mixed doubly nonlinear dispersive Burgers equation using
Ibragimov’s method. Lastly, it should be noted that the novel solutions developed in this paper
may have a substantial influence on future research.
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