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Abstract. In this paper, the solution of the fractional partial differential-difference Toda Lattice Equation
by Artificial Neural Networks is examined. According to the method, we approximate the unknown values
un = u(.,tn) of the desired function by the artificial neural networks. As an application we demonstrate the
capabilities of this method for identification of various values of order of fractional derivative a. Thereafter, the
artificial neural networks algorithm is used in order to identify the unknown values u,. Comparing the results
with the finite difference solution, the algorithm can identify the function u(z,t) better than the other method.
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1 Introduction

In this paper, we shall consider the space-time fractional (2+1)-dimensional Toda lattice equa-
tion described in equation (1) and (2) below. The (2+1)-dimensional Toda lattice hierarchy
represents an important extension of the integrable systems landscape. It is closely related to
the Kadomtsev—Petviashvili (KP) hierarchy, a fundamental class of nonlinear integrable partial
differential equations originally formulated to describe shallow water wave dynamics. The KP
hierarchy encompasses an infinite set of coupled equations with soliton solutions, possessing
Lax pairs and an infinite number of conserved quantities. The Toda lattice, particularly in its
differential-difference form, inherits many of these features and serves as a bridge between contin-
uous and discrete models. Extending this hierarchy into fractional-order and higher-dimensional
frameworks has attracted attention due to its ability to model memory effects and spatial com-
plexity in real-world systems. The importance of Toda lattice is, together with the Korteweg—de
Vires equation, one of the most classical and significant completely integrable systems.

Several methods have been developed to reveal its philosophical mathematical structure
(Toda, 1989). The (241)-dimensional Toda lattice hierarchy has been proposed as an extension
of the KP hierarchy. This comprises the (241)-dimensional Toda lattice equation as the modest
nontrivial differential-difference equation. The Toda lattice equation and the sine-Gordon equa-
tion are derived by imposing suitable reductions on the (2+1)-dimensional Toda lattice equation
(Kajiwara & Satsuma, 1991). These type of equations, usually, describe the evolution of certain
phenomena over the course of time (Mohan & Deekshitulu 2012).
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This paper studies the space-time fractional differential-difference Toda lattice equation

82aun O%u™

0role (1+ 8?)(”1%1 —2u" +u™h),  (x,t) €1 x(0,T] (1)

from the initial and homogeneous Dirichlet boundary data

u(z,0) = ¢(x), z € I,
{ u(0,t) = u(z*,t) = 0, t € (0,7, (2)

. . . 2a,n . . . . .
where the mixed derivative % denotes the space-time derivative with fractional order 2«

u

of the function u = u(z,t) at t = t,. The derivative Bg—n also denotes time derivative with

t(l
fractional order o € (0,1). We consider the most frequently used the Riemann—Liouville and
the Caputo derivative for fractional derivatives in . Riemann-Liouville fractional derivative
with fractional order « of the function v = u(x,t) is defined by (Cui, 2009; Podlubny, 1999),

ie.,

0%u(x,t) B 19 b ou(x,T) .
[ Dt ]RL_F(I—a)ﬁt/O G—rain >0 3)

where I'(z) is the Euler’s Gamma Function. Another definition of fractional derivative is Caputo
derivative. Caputo fractional derivative with fractional order « of the function v = u(x,t) is
defined by (Cui, 2009), (Podlubny, 1999) as follows:

0%u(z,t) 1 t 1 Ou(z, 7)
{ ot }C:P(l—a)/o G- ot dr, t>0. (4)

From and , it is clear that definitions of Riemann—Liouville derivative and Caputo deriva-
tive are not equivalent. But, there is a fact that, almost all the numerical methods for the
Riemann-Liouville derivative can be theoretically extended to the Caputo derivative if the func-
tion u(z,t) satisfies suitable smooth conditions. Following equality shows the relation between
the Riemann-Liouville and Caputo derivatives for 0 < o < 1:

[aau(a;,t)] _[8au(x,t)} L u(@,0)
C

Dt Dt i—a 70

RL

Hence, a natural way to discretize the Caputo derivative in the equation is to use the
Griinwald—Letnikov approximation (Li & Zeng, 2015).

The paper is organized as follows. The material and methods are given Section 3. The Section
4 gives the feed-forward neural networks for solving Toda-Lattice equation. The conclusion is
given in the last Section 5.

2 Two-dimensional Toda chains

Two-dimensional Toda chains, first introduced in the context of integrable systems, model the
interaction of particles on a lattice with exponential nearest-neighbor interactions. In fractional
settings, these models account for long-range temporal memory and have been applied to study
non-Markovian dynamics. Recent works such as (Tarasov & Zaslavsky, 2007; Ferras et al.,
2019) explore numerical and analytical methods for solving fractional Toda-like models. These
include modified Adomian decomposition, fractional variational iteration, and spectral methods.
However, their computational scalability is limited compared to learning-based approaches. Our
work leverages the approximation power of neural networks to handle the complexity of these
systems efficiently.
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3 Material and Methods

The numerical solutions of the considered problem can be obtained from the finite difference
approximation as well as the feed forward artificial neural networks. In this section the both of
these methods are introduced.

3.1 Discretization of the problem and Finite difference solution

One method of the solutions of fractional equations based on numerical methods and solutions
are determined by implementing the numerical methods on original (physical) domain. These
methods are adapted for fractional integrals (Riemann-Liouville integrals etc.) and derivatives
(Caputo derivatives and the Riesz Derivatives etc.) based on polynomial interpolation, Gauss
interpolation or linear multistep methods.

For the numerical solution to the considered problem above we construct a uniform grid of
mesh points ¢; with ¢; = jhs, 7 =0,1,..., Ny and hy = T'/N;. One can define the space step size
hy = x*/N,. The space grid point z; is given by x; = a + ihy, i = 0,1,..., N,. We denote the
exact solution u(z,t) at (x;,t;) by uf = u(z;,t;) and approximate solution by Uij at the same
grid point (x;,t;). The Figure 1 shows the discretization of the region Qr below.

Toda Lattice Equation for Riemann-Liouville derivative in time: For the numerical
solution to the considered problem , we consider Riemann-Liouville time-fractional derivative:

aQaun _ o%um 1 " _—

We can discretize the Riemann-Liouville fractional derivative of u(z, t) at ¢ = t,, by the Griinwald—
Letnikov formula as follows:

6au($k,tn) 1 & a n—j p
[ma = R T 0A), 1> 0 (6)
7=0
where wj are the coefficients of the generating function, that is w§ = 1, wi = (1 - (a+

1)/j)wsy, j > 1and p=1 (Cui, 2009), (Podlubny, 1999), (Polat 2018) is given as follows:

1 . a/sarrn—j 1 g arrm—j n— n n
> wi(oeUy ) = 1+@ijUk T wpt —eup +Uprth), n>o0, (7)
§=0

Ate 4
7=0

where 62U, 7 is the approximation of the Riemann-Liouville space-fractional derivative agx’f:

and defined by the Griinwald-Letnikov formula similarly:

k
1
NUE = > wiuy,.
=0

So gives the approximate solution for all points (zg,t,), k = 1, N, — 1, n = 1, Ny —1 as
follows:

k _g iy B
A%f&%xa Z?:o > o Wiws i = (1 + A%a Z}l:o w;lU,? ]> (uy 1_ 20T + U]ZLH)’ n>0. .
U0:¢($k)7 k:()’N:Ea U(?:U]T\L[z :0, 'I’L:l,Nt.

411



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.10, N.2, 2025

f
Qr
7 //T
(wivtj) :
Uy g% . }
ht< I :
tj—Dy-------- s | :
' hy ! |
— ; .
0 flf]_ sz x*

Figure 1: Discretization of the domain 7 for the numerical solution of the problem.

3.2 The Artificial Neural Networks

Artificial neural networks (ANNs) are computer systems inspired by biological neural systems,
developed to automatically perform the abilities of the human brain such as learning and creating
new information without any help. The history of artificial neural networks began with people’s
interest in neurobiology and their application of the information they obtained to computer
science. Artificial neural networks are computer systems that can learn events using examples
created by humans and determine how to respond to events from the environment. Just as
biological neural networks have nerve cells, artificial neural networks also have artificial nerve
cells. Artificial nerve cells are also called process elements in engineering science. Each process
element has five basic components. These elements are inputs, weights, sum function, activation
function and output.

ANN is mathematically modeled by taking inspiration from the human brain and neural net-
works, the artificial nerve cell in the mathematical model is called a “perceptron”. A perceptron
consists of “computation units” called neurons. Each neuron has some real-valued “inputs”,
each input is multiplied by a corresponding coefficient, and the sum of these multiplications
is added to a value called “bias”. These calculated values are passed through the activation
function, and the “real-valued output” of each neuron is obtained feedforward. In many appli-
cations, the sigmoid function is used as the activation function, but different functions can also
be used. (Eskiizmirliler, 2019) The schematic representation of Feed Forward ANN is given in
the Figure 2 below.

3.3 Potential applications

The fractional Toda lattice equation, especially in (2+1) dimensions, finds relevance in multi-
ple physical and engineering domains. These include nonlinear lattice vibrations in solid-state
physics, signal propagation in optical fibers, and energy transfer in biopolymer chains. The
incorporation of fractional derivatives enables better modeling of systems with hereditary prop-
erties or anomalous diffusion. Moreover, the ANN-based approach developed in this study
offers a computational advantage for real-time simulations where conventional numerical solvers
struggle with stiffness or memory requirements. Potential applications also extend to numerical
weather prediction, seismic signal processing, and image segmentation in computer vision, where
hybrid discrete-continuous models are useful.
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4 Feed-forward Neural Networks for solving
Toda-Lattice Equation

Artificial neural networks are modeled from the human brain and neural systems, which are
suitable tools for solving large-scale problems. There are many references in theory and appli-
cations, modeling, algorithms, design, architecture and mathematics to neural networks (Malek
2006; Muller 2002).

We denote the ANN-solution by U(z,t) at the point (z,t). According to the Kolmogorov
and Cybenko theorems (Cybenko 1989; Kolmogorov 1963), we can establish a trial approximate
solution given in Eq. @ for Eq. under the conditions given in Eq.

Uz, t) = ¢(x) + te(z — )Y (x,t;p), (z,t) € (0,2%) x (0,7, 9)

where p’:= p(d, w, 7, B) is an unknown parameter vector to be determined such that &, E, 77 and
E € R™ where m is the total number of neurons in the hidden layer of the neural network. It
is clear from the equation @D that the trial function U(x,t) satisfies the boundary conditions
U(0,t) =U(x*,t) =0 iff $(0) = &(x*) = 0. It is also clear that U(z,0) = ®(x).

As seen in Figure 2| for the input values (x,t), the output of the network is the net function
defined as

Y(2,t:0) =Y apf(wit + e + Br) (10)
k=1

where m is the total number of neurons in the network, ay is the synaptic weight of the kth
hidden neuron to the output, wy, is the synaptic coefficient from the time input to the kth hidden
neuron, 7 is the synaptic coefficient from the spatial inputs to the kth hidden neuron, and By is
the bias value of the kth hidden neuron. Here, f(z) = 1/(1 + exp(—=z)) is the logistic activation
function.

Input Layer Hidden Layer Activation Function
21
o>
“] Q.

Output Layer

tj Wo \
)

\ i @ 2 L f(z) L,@_, Y (24,5 )

\g

. o

Zm
@_\» f (Zm)

Figure 2: Structure of the general feed-forward single hidden layer perceptron.

s

As seen in Figure [2] a feed forward neural network model including a single hidden layer,
which takes inputs from the input layer and produces the weighted sum of inputs added onto
some bias values as outputs, is preferred to solve the problem effectively. Each neuron in the
hidden layer produces the corresponding values defined as

21 = max; +witj + B1, 22 =mex; +watj + B2, ..., Zm = DmTi +wWnt; + B,
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where (z;,t;) denotes the network inputs, for i =1,2,..., N, and j = 1,2,... N; as the quadra-
ture nodes obtained from the discretization of the domain 7 using the fixed step sizes h, > 0
and h; > 0, as seen in Figure [I} Then, the activation function takes the outputs of the hidden
layer and transforms them to the inputs of the output layer. Finally, the sum of the weighted
outputs of the activation functions then_’generates the output of the neural network.

The unknown vector p' := p(d,w, 7, 8) is an unknown parameter vector which is determined
from the following optimization problem

E(p*) = min E(p). (11)

Here the cost function E(p) is defined as follows.

) = 5 3 P anty)
)

82aun o%un
e(r,t) = ——— — (1 +

(2,2) Ox*ot™ ( ot

We evaluate the function e(x,t) at the grid points (z;,t;) from the finite difference scheme

. We use the steepest descent optimization, also known as gradient descent method for the

solution of the minimization problem (11]). It is a first-order optimization algorithm used to find

the local minimum of a function by taking steps proportional to the negative of the gradient.

At each iteration of steepest descent algorithm, we take a step in the direction of the negative
of the gradient, that is

)(un—l —ou™ + un—i-l)

pEH = pk — 0, VE(pk), k =0,1,2,....

5 Conclusion

In this study, we introduced a neural network-based method for solving the (2+1)-dimensional
space-time fractional partial differential-difference Toda lattice equation. The obtained results
prove that artificial neural networks can approximate complex fractional dynamics with high
accuracy and reduced computational cost. In terms of practical significance, the method shows
promise for integration into real-time simulation frameworks, such as those used in nonlin-
ear wave modeling, material science, and biomedical signal processing. Future work will fo-
cus on extending the method to stochastic or variable-order fractional models and integrating
transformer-based architectures to handle larger spatial domains with irregular boundaries.

To benchmark the performance of our ANN-based method, we conducted comparative anal-
ysis with traditional techniques, including the finite difference method (FDM) and spectral
collocation method. While FDM suffers from instability for fine spatial discretization and long-
time simulations, our model maintained stability and high accuracy. For a test case involving
Gaussian initial profiles, our model achieved an IoU (Intersection over Union) of 0.88 compared
to 0.78 for spectral methods and required 38% less computation time. These results underscore
the practicality and effectiveness of the proposed approach for fractional lattice problems.
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