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Abstract. The Solow-Swan equation is a foundational model in the evolution of modern economic growth theory.
It offers key insights into the long-term behaviour of capital accumulation and output. Since its inception, the
model has served as a cornerstone for understanding macroeconomic dynamics and has inspired a vast body of
subsequent research. However, traditional formulations of the Solow-Swan model rely on integer-order derivatives,
which may not fully capture the memory and hereditary properties often observed in real-world economic systems.
In this paper, we extend the classical Solow-Swan framework by incorporating memory effects through the use of
fractional calculus. The fractional model accounts for the influence of past states on the present rate of capital
change, a feature not accommodated in the standard model. We present a comparative analysis of the capital

dynamics under both the classical and fractional-order formulations of the Solow-Swan equation.
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1 Introduction

The fundamental differential equation

dk(t)

== = k() (P () —q) . K(0) = ko, (1)

is referred to as the Solow-Swan model for capital accumulation that describes the capital (K) per
labour (L) with ratio, k = K/L, as a function of time, ¢, where p is the exponent and the scaling
parameters are p and q. The Solow-Swan model appears as a consequence of modern growth
theory in economics and remains an active research topics (see, e.g, Brunner et al.| (2022))). It is
also present in most undergraduate curricula for economics (see, e.g, Raghavendra & Piiroinen
(2023)). The Solow-Swan model is a dynamic model that has been adapted to consider modelling
of exponentially increasing phenomena of physical systems in areas such as climate change (see,

675


https://doi.org/10.62476/amma.103675
https://orcid.org/0000-0003-4901-1440
https://orcid.org/0000-0002-2580-8984
https://orcid.org/0000-0001-5613-7290

ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.10, N.3, 2025

e.g, Burda & Zessner-Spitzenberg (2024)), corruption (see, e.g, |Gonzalez-Parra et al.| (2022);
Spyromitros & Panagiotidis (2022)), education (see, e.g, Vikial (2023)), and over-exploitation of
natural resources (see, e.g, Vikia (2023)). The Solow-Swan model has been studied extensively
due to its wide applications. Brunner et al. Brunner et al. (2022) applied the method of least
squares to determine the best-fit parameters of the Solow-Swan model . The stability of
the spatially homogeneous equilibrium in the Solow—Swan model has been analyzed in various
studies (see, e.g, Neto et al.| (2019)). The classical Solow-Swan model predicts convergence to
a steady state. In contrast, the endogenous growth-cycle model allows for persistent growth
fluctuations or cycles. These cycles arise from feedback loops within the economy. As a result,
the model captures more complex and realistic long-term dynamics of capital accumulation and
output (see, e.g, [Broitman & Czamanski| (2021)). A generalization of the Solow-Swan model
through the introduction of a non-constant labour growth rate allows for more realistic modelling
of economic dynamics by relaxing the assumption of a fixed population or labour force growth.
In this extended framework, the labour force may grow at variable rates over time, influenced
by demographic trends such as migration, education policies, or labour market conditions. This
modification enables the model to capture transitional dynamics more accurately and to reflect
real-world fluctuations in labour supply, ultimately leading to more nuanced predictions of long-
term growth and convergence behaviour|Tolmachev et al.| (2021]). Unlike the classical Solow-Swan
model with ordinary integer-order derivatives that has received much attention, the literature
on the Solow-Swan model with fractional derivatives is still regarded as rare (see, e.g, Traore &
Sene, (2020); Golmankhaneh (2023)). Fractional Differential Equations (FDEs) are often used
to model growth associated with memory effects. The memory effects are due to the non-local
properties that are possessed by the FDEs. This is an edge that fractional derivatives have over
classical derivatives, where the effect is generally ignored. The FDE is a suitable concept for
modelling the growth of many economical processes because many economical processes have
memory effect in their nature (see, for example, |Johansyah et al.| (2021))).

The motivation for this study stems from the fact that most existing research on the Solow-
Swan equation has focused on models involving ordinary integer-order derivatives. In contrast,
formulations of the Solow-Swan equation that incorporate memory effects have received relatively
little attention. This paper aims to address that gap by introducing memory effects into the
model through the use of a fractional-order derivative. A comparative analysis is conducted to
examine the behaviour of capital dynamics under both the classical integer-order and fractional-
order formulations of the Solow-Swan equation. The study investigates how the inclusion of
a fractional derivative influences capital behaviour. Additionally, the effects of key scaling
parameters on the dynamics of the models are explored.

2 Preliminaries

Some significant definitions and lemmas that are essential to establish the results in this paper
are presented in this section.

Definition 1. Owver the set
A= {k(t):3 Qi > 0, [K()] < Qexp ([t]/m;),if £ € (—1)F x [0,00)}
the Sumudu Transform (ST) is defined as (see, e.g, |Belgacem & Karaballi (2006))
Slk) = [ k(tu)eat, w e (—m.m). )
0

The ST satisfies the linearity conditions (see, e.g, Moltot et al| (2022); |Belgacem & Karaballi
(2000); \Watugald (1993); |Belgacem et al. (2003)) and it is a method that is highly cherished
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for its unit preserving and domains scaling properties |Golmankhaneh € Tung (2019). Denoting
S [k(t)] by K(u), the ST for the n'"-order derivative is

n—1
S0 = [Kw) - u%i<t>|t:o] . (3)
=0

Therefore, for the first order derivative, it is simply

S [K(1)] = ~ [K () - k(0)). @)

U

Definition 2. Let a > 0,b > 0 be positive real numbers. The Caputo derivative of order « is
defined as

CD0(0) =y [ (=W )

where 0 < o < 1. The Caputo derivative admits the ST in the form (see, e.g, Bodkhe & Panchal
(2010))
S [§Dk(1)] = u™® (K (u) — k(0)). (5)

Proposition 1. Let ¢, : [0,00) — R, the classical convolution product is given by

¢
(6% Q)(t) = /0 (t — 2)((2)dz.
The ST for the convolution product is given by

Sl QM) = uSEH(®)IS[C)]
= up(u)((u).

Definition 3. The Mittag-Leffler function E,(t) is defined as

[e.o]

tn
B0 =S —" .
®) ;F(an+1)a>0

The following results about Mittag-Leffler functions and ST are well known (see, e.g, |Nanware

et al. (2022)):

(i) S[Ea (—at®)] = 135

1+au®?

(ii) [l — Eq (—at™)] = 124

Definition 4. The power series method expresses the solution of a differential equation as an
infinite sum. It is an effective approach, especially applicable when standard elementary methods
are insufficient. Consider an equation whose solution is k(t) and that contains a nonlinear term
N{[k]. Suppose the solution is decomposed as

k(t) = i knt"
n=0

and the nonlinear term is expressed as
oo
Nk(t)] =) Ant",
n=0
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where A, are special polynomials that are being referred to as the Adomian polynomials|Adomiar
(1988). The A, polynomials are defined by |Adomian (1986])

Al

The first few terms of the Adomian polynomials are generated as

=0

Ao = f(ko),
Ay = k1 f'(ko),
Az = kaf'(ko) + 1 "(ko)

Az = k3 f'(ko) + k1k2f”(k0) %f’”(ko)

Observe that the polynomials Ay, are generated for each nonlinearity such that Ay depends only
on kg, A1 depends only on ko, and k1, Ay depends on kg, k1, ko, etc.

3 Main results

The Solow-Swan equation is nonlinear in nature, and such equations often resist well-known
analytical methods. In this study, the solutions of the Solow—Swan equation are considered for
both the integer-order and Caputo fractional-order cases. The objective is to obtain approximate
analytical solutions using a hybrid of the ST method (see, e.g, [Liu & Chen| (2016)); |Aibinu &
Moyo (2025, [2023)); Aibinu et al.| (2022)). The Solow—Swan model with a memory effect is
also examined, and the impact of the fractional-order derivative on the dynamics of capital is
analyzed.

3.1 The Solow-Swan model with ordinary integer-order derivative

Observe that | 1s a nonlinear equatlon At dk/dt = 0, the points of equilibria of (1] . occur

at k=0, (p/q) = (see Flgure Changing the value of either p or ¢ in Figure [1] alters the
scale and the numerical value of the non-zero equilibrium; however, the qualitative shape of the
graph remains invariant. The ST of is taken as

Sldk/dt] = pS [k"] — qS [K],
and applying the relation , it leads to
K(u) = k(0) = u (pS [k*] — ¢S [K])

where S[k] is denoted by K (u). The variational iteration formula takes the form
K, (u) —k
Koaw) = Fou) 4 Aw) (S SN 4 aS [ Jonen (0

where Nk,] = k. Treating ¢S [k,] — pS [N[kn]] as the restricted term in (6) and taking its
classic variation operators gives the Langrange multiplier as

AMu) = —u. (7)
Substituting the expression into @ and taking its inverse ST gives

kni1(t) = ko + S [u(pS [Nknl] — ¢S [kn])]
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Figure 1: The graph showing the points of equilibria of .
where ko(t) = ko. Let

i=0

and the decomposition of the nonlinear term becomes

, (9)
=0 x=0
where A; are the Adomian polynomials. Then the Adomian series of the w® is as follows:
AO = wg,
Al = /lew‘u_la
271 w? -2 (10)
Ay = pwowy 4 p(p — 1) 51wy 7,
Therefore, the iteration formula is derived as follows
wo(t) = k(0) = ko,
w1 (t) = S [u (pS [An] — ¢S [wa))],
which produces the sequence

wo = ko,

wr = (pky — qko) t,

wy = (pk — qko) (pukh ™" - q) &

ws = (pkfy — qko) (puké‘_l ) Pk~ 2} 3

Therefore, the solution is given by
k(t) = lim k, = nlggoz;wn = ko + (pkl — qko) t
H p—1 t?
+ (ko — qko) (puk - q) of (11)
_ 2 p —1) , 5]
+ (pky — qko) {(puk‘é‘ t— Q> - %kﬁ 2} 5t
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Figure 3: Graph of when p and p are held constant.

Using the statistical data from the literature Brunner et al| (2022), we assigned suitable values
to the parameters in [1{ to display the graphs of its solution. In Figure 2| equation is plotted
with ¢ held constant as p varies. Similarly, in Figure 3] p is held constant while ¢ varies. Figures
and [3| show that the qualitative shape of equation remains invariant when the values
of either p or ¢ are changed. The observed changes occur only in the scale, corresponding to
variations in the parameters p and ¢. Figure || displays the graph of equation for values of
p in the range [0.5,5.6].

3.2 The Solow-Swan model with Caputo derivative

The Caputo fractional derivative is a widely used form of fractional differentiation, notable for
naturally accommodates initial conditions in a manner similar to integer-order derivatives (see,

e.g, |OdibatZ (2009)). This makes it particularly useful in modelling problems where non-local
properties and historical interactions must be taken into account. Under some invariability

assumptions on the function, it shares dual relationships with the Riemann—Liouville fractional
derivative. The Solow-Swan model in the sense of Caputo is given as

§Dk(t) = k(t) (pk" ' (t) — q) , K(0) = ko. (12)

Observe that when a = 1, the Caputo derivative converges to the classical ordinary integer-
order derivative. The ST of is taken as

S [§Dk] = pS k"] — ¢S [K].
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Figure 4: Graph of when p and ¢ are held constant.

Applying the relation leads to
S[k] — ko

ua

— pS (k] - 4S[K].

The variational iteration formula takes the form

Kolw) = Kol 30 (LR s vl g ] e, (9

where Nk,] = ki,. Treating ¢S [k,] — pS [N[k,]] as the restricted term in and taking its
classic variation operators gives the Langrange multiplier as
Au) = —u®. (14)
Substituting the expression into and taking its inverse Sumudu transform gives
Fn g1 (1) = ko + 87" [u® (pS [N[kn] — ¢S [kn])]

where ko(t) = ko. Let ky,, N[k, and the Adomian series be given by (§)), (9) and respectively.
Therefore, the iteration formula is derived as follows

{wo(t) = k(0) = ko,
w1 (t) = S u® (pS [An] — ¢S [wn)])]

which produces the sequence

.
wo = ko,

wi = (pkfy — qko) Fa+1

2
wy = (pky — qko) (puky™ —q) F(§a+1),

$3a

2
w3 = (pkf — qko) puk“ ! q) — pele=l) - 2} TBatl)’

Therefore, the solution is given by

t()f
KO = ik = J;H;o;)wn = o+ (P —aho)
t2a
k' — gk ) . — (15)
+ (pky — gko) (puo q) F@at1)

- 2 pulp—1) . 3
+(Pk5—qko){<puk5 I—Q> —(2)k5 ? m+-'-
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Figure 5: Graph of for constant values of «, u and p.

The Caputo derivative in provides more degrees of freedom in the experimental simula-
tions and allows for the consideration of memory effects. The solution of is given by .
In Figure is plotted with «, u and p held constant while ¢ varies. Similarly, Figure |§|
illustrates equation with a, 4 and ¢ held constant while p varies. Figure [7|illustrates the
graph of with a, p and ¢ held constant, and p varying. Figures |§| and [7| depict the Solow-
Swan model in the context of a fractional derivative of order a = 0.25. Figure |8 on the other
hand, shows the model with a fractional derivative order ranging from « € [0.3,0.9], with p, g
and p held constant. The Caputo derivative incorporates the effects of past states and captures
the non-local characteristics inherent in the model.

3.3 Analysis in terms of the capital K and the labour L

The equilibrium point for equations and is k=0,(p/ q)ﬁ . The equilibrium &k = 0 is
unstable because for a small increase at the point, that is k& > 0, consequently dk/dt > 0, so k
will increase. At k = (p/ q)ﬁ , the graphs of k(t) will have an inflexion point. In other words,
the right-hand sides of and will reach their respective maximum values. Equations
and exhibit asymptotic stability at k = (p/ q)ﬁ with k(t) converging to the non-zero
equilibrium as t approaches infinity. Recall that the Solow-Swan models for capital accumulation
describe the capital (K) per labour (L) with ratio, k = K/L, where L(t) = Loe¥*. Whenever
k(t) converges asymptotically to a stable equilibrium ki, then K(¢) inevitably asymptotically
converges to k1L(t). The models predict that, in the long term, both capital and effective
labour grow exponentially and in tandem. This indicates that under steady-state conditions
and constant returns to scale, the economy approaches a balanced growth path. In this state,
output, capital, and effective labour expand at the same exponential rate, and key ratios remain
constant. If the initial capital stock is significantly below its steady-state level, the model predicts
a period of rapid capital accumulation. When capital is scarce relative to labour, the marginal
productivity of capital is high, which actuates investment and accelerates capital growth. Over
time, as capital increases and approaches a level proportional to effective labour, its growth rate
stabilizes, and the economy converges to its long-run balanced path. Eventually, the system
settles into a long-run trajectory where capital and labour maintain a constant ratio, growing
proportionally over time. This convergence to proportional growth reflects the models’ inherent
tendency toward equilibrium. This long-term behaviour not only illustrates the self-correcting
nature of the Solow-Swan model but also highlights the importance of initial conditions in
determining short-run dynamics. Ultimately, the model provides a powerful framework for
understanding how economies adjust over time and how balanced growth emerges from the
interaction between capital accumulation, labour expansion, and productivity.
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Figure 6: Graph of for constant values of a, p and gq.
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Figure 8: Graph of for constant values of u,p and q.
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3.4 Conclusion

The Caputo derivative is widely regarded as the most suitable fractional operator for modelling
real-world phenomena. It accommodates traditional initial and boundary conditions in a manner
consistent with classical differential equations. As a result, it has become a preferred tool
among researchers for formulating and analyzing problems that exhibit memory and hereditary
properties. In this paper, we examine the Solow-Swan equation, a representative nonlinear
model in economic growth theory that often challenges conventional analytical methods. To
enhance the accuracy of the model, memory effects are introduced by reformulating the equation
using the Caputo fractional derivative. This modification enables the model to account for
both the influence of historical states and non-local behaviour. The new model offers a more
comprehensive representation of capital dynamics over time.

A hybrid of the ST method is employed to derive solutions to the Solow-Swan equation in
both its classical and fractional forms. Numerical simulations are carried out using MATLAB to
visualize and compare the behaviours of the two models. The resulting graphical representations
clearly illustrate the impact of incorporating memory effects through fractional calculus into
the dynamics of economic growth. The models predict that, in the long term, both capital
and labour grow exponentially and simultaneously. This outcome aligns with the concept of
a balanced growth path, where the key inputs to production, which are capital and labour,
expand at steady exponential rates. In the traditional Solow-Swan framework, exponential
growth in labour is typically driven by population growth, while capital accumulation depends
on the savings rate, depreciation, and labour force growth. When both capital and labour grow
exponentially, the economy tends to move along a stable trajectory. Exponential growth in both
capital and labour suggests that the economy is operating on a stable and predictable growth
path. This has practical implications for long-term investment decisions, fiscal planning, and
infrastructure development.
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