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Abstract. In the numerical approximation of physical problems, achieving a high level of accuracy is often

essential. Various numerical methods have been developed to meet this requirement, including the Nodal Integral

Method (NIM), which is known for delivering accurate results even on coarse meshes. In the present work, we

develop a new scheme inspired by the classical NIM to solve the one-dimensional (1D) Burgers’ equation. To

assess the performance of the proposed approach, several numerical tests are carried out. The results clearly

demonstrate the effectiveness and accuracy of the developed scheme.
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1 Introduction

With the advancement of computational power, researchers are increasingly interested in solving
complex mathematical problems to gain a better understanding of a wide range of physical
phenomena.

The precise mathematical modeling of any physical phenomenon is a necessary step in writing
the equation to be solved for the numerical simulation.

After mathematical modeling, the solutions of the partial differential equation (PDE) are
approached numerically by numerical methods such as finite difference (FDM), finite element
(FEM), or finite volume (FVM) methods.

For relatively complex PDEs, traditional numerical methods can be computationally expen-
sive in terms of both processing time and memory usage. This has motivated the development
of nodal methods, which enable accurate calculations on coarse meshes, making them more com-
petitive than the other numerical methods mentioned above. To address these challenges and
ensure reliable results, it is often necessary to adapt alternative coarse mesh methods (Azmy &
Dorning, 1983; Lawrence, 1986; Hennart, 1986; Dorning, 1979; Steinke, 1973; Guessous, 1993;
Akhmouch & Guessous, 2003; Guessous, 2003; Amrani et al., 2006).

Nodal methods were initially developed in the 1970s to solve neutron scattering equations by
Burns, Dorning, Lawrence, and their collaborators in the United States (Burns, 1979; Dorning,
1979; Lawrence, 1979; Lawrence & Dorning, 1978), as well as by Wagner and Finnemann and
their collaborators in Germany (Finnemann et al., 1977; Fischer & Finnemann, 1981).

Nodal methods are presented as discretization methods. Examples include the work of
Azmy and Dorning (Azmy, 1982; Azmy & Dorning, 1983), specifically in the study of stationary
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flows of incompressible fluids, and the work of Hennart (Hennart, 1986, 1988) who presented
high-order analytical mathematical nodal and polynomial methods as non-conforming FEM,
and proposed a more adequate extended analytical formalism, after critically examining the
existing analytical methods, this formalism consists in integrating transversely, by Transverse
Integration Process (TIP), the original PDE on all the variables minus one, which leads to
sets 1D equations which are then solved ”analytically” within individual cells. These localized
analytical solutions accurately reflect the underlying physics of the governing equations, enabling
the NIM to produce precise and efficient results even on coarse computational grids. Recent
developments and applications of NIM across various problem settings are well documented in
the literature (Wang & Rizwan-Uddin, 2003; Kumar et al., 2013a,b; Wang & Rizwan-Uddin,
2018; Jarrah & Rizwan-Uddin, 2021, 2022; Ahmed et al., 2024; Zhou et al., 2016; Wang et al.,
2010; Gander & Kumar, 2024; Kumar et al., 2022; Jarrah & Rizwan-Uddin, 2024).

The nodal methods share with the finite difference methods (FDM) the fact that the final
algebraic system has a sparse and well-structured matrix on regular meshes, but requires less
grid points for the same level of precision than that provided by FDM (Lawrence, 1986; Azmy,
1985), and consequently, the size of the matrix is reduced, which leads to a faster convergence
of computation.

Despite these advantages, nodal integral method (NIM) did not find full approval for solving
fluid flow problems, due to a lack of efficient nonlinear solvers. This led to the development of
improved versions, such as the modified nodal integral method (MNIM) and the cell-centered
nodal integral method (CCNIM). The MNIM was processed and tested in the 1996s by Rizwan-
Uddin using Burgers’ equation (Rizwan-uddin, 1997). MNIM effectively suppresses the parasitic
oscillations that affect other schemes, allows for larger time steps without convergence issues,
and offers significant advantages in stability, precision, and efficiency compared to conventional
finite element methods when the problem is accurately modeled in Cartesian coordinates.

The CCNIM has recently been developed to solve fluid flow problems (Raj et al., 2022;
Ahmed et al., 2021, 2023; Ahmed and Singh, 2024; Ahmed et al., 2025a,b). Shober et al.
(1977) were among the first to apply similar approaches to neutron diffusion equations. CCNIM
builds upon the initial step of the TIP used in the conventional NIM, transforming partial
differential equations into a system of ordinary differential equations (ODEs). This method
has been successfully applied to a range of classical problems, including the diffusion equation,
convection-diffusion equation, Burgers’ equation, and the Navier–Stokes equations.

Burgers’ equation is a partial differential equation introduced by Bateman in 1915 and later
analyzed by Burgers in 1948. The equation is used as a model in many fields such as acoustics,
continuous stochastic processes, dispersive water, shock waves, heat conduction, fluid mechanics,
and turbulence (Moussa & Abd Al-Halim, 2022; Burgers, 1939).

Several schemes exist for solving the one-dimensional Burgers’ equation, with the traditional
NIM and the MNIM among the most well-known (Rizwan-uddin, 1997; Kumar et al., 2019a,b).

In this work, we proposed a new formulation of NIM for solving the 1D time-dependent
Burgers’ equation.

The novelty of the proposed scheme lies in its integral nodal formulation, which simultane-
ously discretizes both spatial and temporal domains within a unified framework. This approach
enhances stability and accuracy in solving nonlinear convection-diffusion equations such as the
Burgers’ equation, outperforming traditional finite difference and finite element methods. Unlike
classical NIM formulations, which determine pseudo-source terms using two constraint equations:
the balance equation and the commutation condition ūxt = ūtx. The present scheme derives
these terms through direct integration of the governing equations. The balance equation is then
used to compute the cell-centered velocity ūxti,j . The integral structure of the method enables a
more natural treatment of boundary conditions and nonlinear terms, effectively suppressing the
numerical oscillations that commonly occur in classical schemes.

Furthermore, the general structure of the proposed formulation makes it a promising candi-
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date for extension to more complex fluid dynamics problems, including multidimensional flows
and turbulence modeling.

The paper is organized as follows. A new scheme is proposed and evaluated through two
numerical test cases to assess its efficiency. The results demonstrate that the proposed scheme
provides accurate approximations.

2 Steps for solving PDEs by NIM

To solve PDEs by NIM, we must follow the steps grouped in the following diagram.

The steps required to apply NIM are outlined in Fig. 1, while Figs. 2–5 illustrate the local and
global coordinate systems, as well as the averaged quantities and interface conditions involved
in the formulation.

Original PDE Set of ODEs

Approximation of the
pseudo-source terms

by using Legendre polynomials

Local solution of the
ODEs at node interfaces

Algebraic system with
pseudo source terms

Elimination of the
pseudo source terms

Final Algebraic system of equations

TIP

Figure 1: Flowchart of the main steps of the NIM for solving PDEs.

The flowchart illustrates the main steps of the NIM, a numerical technique designed to solve
PDEs on coarse, structured meshes. The procedure begins with the TIP, in which the PDE is
integrated over all independent variables except one, within a single computational node. This
integration transforms the original PDE into a set of ODEs. The TIP is repeated for each spatial
variable, resulting in transversely integrated ODEs that retain the dominant physical behavior
of the system in reduced dimensions.

These ODEs often include complex right-hand-side terms that arise from neglected dimen-
sions. Some of these terms are treated as known quantities and referred to as pseudo-source
terms; they typically include nonlinear or inhomogeneous components of the original PDE. To
make the equations tractable, these pseudo-source terms are approximated by projecting them
onto a Legendre polynomial basis, then truncated to a chosen order and substituted back into
the ODEs.

With these approximations in place, the ODEs are then solved analytically at the interfaces
of each node, providing local solutions that depend on the unknown pseudo-source coefficients.
These local interface solutions are then assembled into a global algebraic system that governs
the nodal behavior.

To eliminate the pseudo-source terms from this system, two constraint equations are intro-
duced: (i) a uniqueness condition, which ensures that the nodal average is independent of the
order in which the TIP is applied, and (ii) a balance equation, obtained by integrating the orig-
inal PDE over the full node volume, which establishes relationships between the pseudo-source
terms across nodes.

Once these constraints are enforced, the pseudo-source terms are fully determined, yielding
the final algebraic system, which can then be solved numerically using standard methods.
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This analytical preprocessing, which includes transverse integration, functional approxima-
tion, and exact resolution of reduced equations, significantly improves the quality and accuracy
of the solution, even when applied on coarse meshes. This feature is one of the defining strengths
of nodal methods, making them particularly effective for multiscale or nonlinear problems.
Nomenclature
Re Reynolds number
S Pseudo-source term
S̄x Space averaged pseudo-source term
S̄t Time averaged pseudo-source term
t Total time
x Space
ūx space averaged time dependent velocity
ūt time averaged space dependent velocity
ūxt centered-averaged velocity
(X,T ) Local coordinates
(x, t) Global coordinates
τ Temporal coordinate at a node interface
a Spatial coordinate at a node interfacial boundary
F̄ t(x) The current average over t
Superscripts and subscripts
x Transverse integration in space
t Transverse integration in time
i Node index in x direction
j Node index in t direction
Abbreviations
NIM Nodal Integral Method
TIP Transverse Integration Process
MNIM Modified–Nodal Integral Method
M2NIM Modified–Modified–Nodal Integral Method
PDE Partial Differential Equation
ODE Ordinary Differential Equation
RMS Root-Mean-Square
FDM Finite difference method
FEM Finite element method
FVM Finite volume methode
NANIM Node Averaged Nodal Integral Mehod
TIP Transverse Integration Process
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Figure 2: Local coordinate system for transverse integration of the node (i, j)

Figure 3: Schematic diagram of the global (x, t) space, and its division into computational nodes

3 Development of the scheme

Burgers’ equation is one of the simplest combining both non-linear propagation And diffusive
effects. The resolution of this equation attracts many mathematicians. Thus, this equation
appears to be a very convenient and useful test problem For our new numerical scheme. 1D
Burgers’ equation is given by,

− 1

Re

∂2u(x, t)

∂x2
+ u(x, t)

∂u(x, t)

∂x
+ ∂u(x,t)

∂t = f(x, t) in (xl, xr)× (0, T )

u(xl, t) = u(xr, t) = 0 on (0, T )
u(x, 0) = g(x) in (xl, xr)

(1)

Here, u(x, t) represents the velocity field, Re is the Reynolds number, t is time, x is the spatial
variable, xl, xr ∈ R, with xl < xr, T > 0, f the source term and g denotes a given set of initial
data (see Figs. 3 and 4).

The temporal domain (0, T ) is discretized into nt nodes indexed by subscript j, and the
spatial domain (xl, xr) into nx nodes indexed by i. Each space-time node has dimensions of
2ai,j in width and 2τi,j in height (see Fig. 2).

Transverse integrating the Burgers’ equation over the node (i, j) over each one of the inde-
pendent variables x and t. Operating equation (1) by the operator 1

2ai,j

∫ ai,j
−ai,j dx, we obtain the
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Figure 4: Averaged quantities on surfaces

ūti+1,j(−ai+1,j) = ūti,j(ai,j)
dūti+1,j(−ai+1,j)

dx =
dūti,j(ai,j)

dx
ūxi,j+1(−τi,j+1) = ūxi,j(τi,j)
dūxi,j+1(−τi,j+1)

dt =
dūtxi,j(τi,j)

dx

Figure 5: The boundary conditions

space-averaged time-dependent equation,

dūx(t)

dt
= S̄x(t) (2)

with,

ūx(t) =
1

2ai,j

∫ ai,j

−ai,j
u(x, t)dx, and S̄x(t) =

=
1

2ai,j

∫ ai,j

−ai,j

[
1

Re

∂2u(x, t)

∂x2
− u(x, t)

∂u(x, t)

∂x
+ f(x, t)

]
dx

(3)

ux(t) denotes the velocity averaged over space but varying in time.

Equation (2) is obtained by integrating the original Burgers’ equation over the node (i, j)
with respect to the variable x. This spatial integration removes the x-dependence and results in
an ODE in time for the space averaged but time dependent velocity ūx(t). More specifically,
equation (2) represents the space-averaged form of the Burgers’ equation, where the left-hand
side denotes the time derivative of the space velocity but time dependent velocity ūx(t), and the
right-hand side corresponds to the spatially averaged source term S̄x(t).
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Equation (3) explicitly defines the space-averaged velocity, ūx(t), and the corresponding
averaged source term, S̄x(t). The term ūx(t) captures the mean behavior of u(x, t) over the
spatial domain, while S̄x(t) contains contributions from diffusion, convection, and the external
source f(x, t).

Realizing that the non-linear convection term will become a part of the pseudo-source term.
Then we integrate the same equation by the operator 1

2τi,j

∫ τi,j
−τi,j dt, we obtain the next time-

averaged space-dependent equation,

1

Re

d2ūt(x)

dx2
= S̄t(x) (4)

with,

ūt(x) =
1

2τi,j

∫ τi,j

−τi,j
u(x, t)dt, and S̄t(x) =

1

2τi,j

∫ τi,j

−τi,j

[
u(x, t)

∂u(x, t)

∂x
+
∂u(x, t)

∂t
− f(x, t)

]
dt

(5)
ut(x) denotes the velocity averaged over time but varying in space. Equation (4) corresponds
to the temporally averaged version of the original PDE, where the time variable has been elim-
inated. The resulting formulation depends only on the spatial coordinate x, with the second
derivative of the time-averaged space dependent velocity ūt(x) balanced by the pseudo-source
term S̄t(x).

The treatment of Equations (4) and (2) follows the standard approach adopted in con-
ventional NIM frameworks. In particular, the pseudo-source terms are expanded in Legendre
polynomials and truncated at zeroth order, yielding constant approximations. We denote these
by S̄tx and S̄xt, corresponding to the approximations of S̄t and S̄x, respectively. Under this
assumption, integration of Equation (4) gives,

dūt(x)

dx
= ReS̄txx+ C1 = F̄ t(x) (6)

Equation (6) is obtained by performing the first integration of Equation (4) under the as-
sumption that the pseudo-source term S̄t(x) is approximated by a constant S̄tx over the node
(i, j). The resulting expression defines the first derivative of the time-averaged velocity ūt(x)
with respect to the spatial variable x. The right-hand side of Equation (6) is a linear function
of x, where the slope is governed by the Reynolds number Re and the constant pseudo-source
term S̄tx, and C1 is the constant of integration. This first derivative is denoted as F̄ t(x), which
represents the spatial flux averaged over time.

The ODEs (2) and (6) can be solved analytically by direct integration. Solving Equation (6)
yields,

ūt(x) = ReS̄tx
x2

2
+ C1x+ C2 (7)

Similarly, integrating equation (2) provides the space-averaged time-dependent velocity ūx(t),
expressed as a linear function of time,

ūx(t) = S̄xtt+ C3 (8)

where C2 and C3 are the integration constants.
To eliminate the integration constant C1, we evaluate equation (6) at x = ai,j , yielding

C1 = F̄ t(ai,j)−ReS̄txi,jai,j (9)

Substituting this expression for C1 back into equation (7) and evaluating at x = ai,j allows us
to determine the constant C2,

C2 = ūt(ai,j)−ReS̄txi,j
a2
i,j

2
− (F̄ t(ai,j)−ReS̄txi,jai,j)ai,j (10)
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After substituting the expression of C2 from equation (3) into equation (7), the time-averaged
velocity ūt(x) can be rewritten as

ūt(x) = ūt(ai,j) +
1

2
ReS̄txi,j(x− ai,j)2 + F̄ t(ai,j)(x− ai,j) (11)

Evaluating equation (11) at the point x = −ai,j yields the following relation,

ūt(−ai,j) = ūt(ai,j) + 2Rea2
i,jS̄

tx
i,j − 2ai,jF̄

t(ai,j) (12)

Now we determine the expressions of C1 and C2 by evaluating Equations (6) and (7) at the
point x = −ai,j . This yields,

ūt(x) = ūt(−ai,j) +
1

2
ReS̄txi,j(x+ ai,j)

2 + F̄ t(−ai,j)(x+ ai,j) (13)

Substituting x = ai,j into equation (13) yields,

ūt(ai,j) = ūt(−ai,j) + 2a2
i,jReS̄

tx
i,j + 2ai,jF̄

t(−ai,j) (14)

For the node index i+ 1, a similar expression holds,

ūt(ai+1,j) = ūt(−ai+1,j) + 2a2
i+1,jReS̄

tx
i+1,j + 2ai+1,jF̄

t(−ai+1,j) (15)

Using the continuity conditions at the interface between adjacent nodes, and recognizing that
ūti+1,j(−ai+1,j) = ūti,j(ai,j), and F̄ ti+1,j(−ai+1,j) = F̄ ti,j(ai,j), (see Fig. 5), equation (15) can
be rewritten as,

ūt(ai+1,j) = ūt(ai,j) + 2a2
i+1,jReS̄

tx
i+1,j + 2ai+1,jF̄

t(ai,j) (16)

By eliminating F̄ t(ai,j) from equation (12) and substituting it into equation (16), we obtain a
three-point scheme relating ūt(−ai,j), ūt(ai,j), and ūt(ai+1,j),

(
1

ai,j
)ūt(−ai,j)− (

1

ai,j
+

1

ai+1,j
)ūt(ai,j) + (

1

ai+1,j
)ūt(ai+1,j) = 2Re[ai,jS̄

tx
i,j + ai+1,jS̄

tx
i+1,j ] (17)

Assuming uniform node widths, i.e., ai,j = ai+1,j = a, the scheme simplifies to,

ūt(−ai,j)− 2ūt(ai,j) + ūt(ai+1,j)− 2Rea2S̄txi,j − 2Rea2S̄txi+1,j = 0 (18)

The expression of ūx(t) can be derived in an analogous manner as follows,

ūx(t) = ūx(−τi,j) + S̄xti,j(t+ τi,j) (19)

Evaluating equation (19) at t = +τi,j gives,

ūx(τi,j) = ūx(−τi,j) + 2τ S̄xti,j (20)

which relates the space-averaged solution for node (i, j) at two successive time steps.

Now we proceed to determine the expression of the two pseudo-source terms S̄txi,j and S̄xti,j .
Here starts the difference between traditional NIM and the present scheme. In classical NIM the
pseudo-source terms are determined using two contraint equations, the first one is the balance
equation (intergrating the equation over all the variables), and the second one by imposing that
ūxt = ūtx, on the other hand. In contrast, in our scheme, the pseudo-source terms are derived
by integrating equations (11) and (19). The balance equation is then utilized to obtain an
expression for the cell-centered velocity ūxti,j .
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We integrate equation (11) with respect to x over the spatial node using the operator
1

2ai,j

∫ ai,j
−ai,j · dx, which yields the expression of the pseudo-source term S̄txi,j as,

S̄txi,j =
3

2a2Re
ūtxi,j −

3

2a2Re
ūt(ai,j) +

3

2aRe
F̄ t(ai,j) (21)

Replacing F̄ t(ai,j) by its expression from equation (12) leads to,

−S̄txi,j −
3

a2Re
ūtxi,j +

3

2a2Re
ūt(ai,j) +

3

2a2Re
ūt(−ai,j) = 0 (22)

Similarly, the expression of S̄xti,j can be determined by integrating equation (19) with respect to

t over the time node using the operator 1
2τi,j

∫ τi,j
−τi,j · dt, yielding, 1

2τi,j

∫ τi,j
−τi,j dt as,

S̄xti,j =
ūxti,j − ūx(−τi,j)

τi,j
(23)

To determinate the expressions of S̄xti,j and S̄txi,j , one additional constraint equation is required.

This equation is obtained by applying the operator 1
2ai,j

1
2τi,j

∫ τi,j
−τi,j

∫ ai,j
−ai,j dx dt to equation (1)

1

2ai,j

∫ ai,j

−ai,j
− 1

Re

d2ūt(x)

dx2
dx+

1

2ai,j

1

2τi,j

∫ ai,j

−ai,j

∫ τi,j

−τi,j
u(x, t)

∂u(x, t)

∂x
dtdx+

1

2τi,j

∫ τi,j

−τi,j

dūx(t)

dt
dt

− 1

2ai,j

1

2τi,j

∫ ai,j

−ai,j

∫ τi,j

−τi,j
f(x, t)dtdx = 0

(24)

Using the definitions of the pseudo source terms given in eqs. (2) and (4), respectively, and the

identity u(x, t)∂u(x,t)
∂x = 1

2
∂
∂x

(
u2(x, t)

)
, we obtain the relation between S̄xti,j and S̄txi,j as,

S̄txi,j − S̄xti,j −
1

2

¯∂u2

∂x

tx

+ f̄xti,j = 0 (25)

∂u2

∂x

tx
is approximated by ∂(ut)2

∂x

x

, such by
ūt(ai,j)

2−ūt(−ai,j)
2

2a . Substituting this approximation
into eq. (25) yields the following expression,

S̄txi,j − S̄xti,j −
1

4a
[ūt(ai,j)

2 − ūt(−ai,j)2] + f̄xti,j = 0 (26)

After substituting the expressions of S̄txi,j and S̄xti,j given respectively in equations (22) and
(23), and by imposing the fact that ūxti,j = ūtxi,j , while assuming that the time step τi,j = τ is
uniform, we obtain,

[− 3

a2Re
− 1

τ
]ūxti,j+

3

2a2Re
ūt(ai,j)+

3

2a2Re
ūt(−ai,j)+

1

τ
ūx(−τi,j)−

ūt(ai,j)
2 − ūt(−ai,j)2

4a
+ f̄xti,j = 0

(27)

The non-linear term
ūt(ai,j)2−ūt(−ai,j)2

4a can be approximate by
(u0)i,j

2a (ūt(ai,j)− ūt(−ai,j)). Thus,
equation (27) can be rewritten as,

[− 3

a2Re
− 1

τ
]ūxti,j + [

3

2a2Re
− (u0)i,j

2a
]ūt(ai,j) + [

3

2a2Re
+

(u0)i,j
2a

]ūt(−ai,j) +
1

τ
ūx(−τi,j) + f̄xti,j = 0

(28)

where (u0)i,j =
ūt(ai,j)+ūt(−ai,j)

2 denotes the node averaged velocity at current time step.
Now we have five equations (18), (20), (22), (23) and (28), with five unknowns ūx, ūt, S̄xt,

S̄tx, and ūxt, we can solve this by any of the standard numerical solvers. To reduce the system
to three equations, as in traditional NIM, we substitute the expressions of S̄tx and S̄xt from
equations (22) and (23) into equations (18) and (20). This yields a set of three final algebraic
equations.
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4 Numerical results

To test the efficiency of the developed scheme, we consider the Burgers’ equation with differences
boundary conditions.

4.0.1 Test 1

To check the efficiency of the developed scheme , we consider the Burgers’ equation defined by,

− 1

Re

∂2u(x, t)

∂x2
+ u(x, t)

∂u(x, t)

∂x
+
∂u(x, t)

∂t
= 0 ; −2 ≤ x ≤ 2 , 0 ≤ t ≤ T

where, for the sake of convenience, u is subject to the boundary conditions

u(−2, t) = u(2, t) = 0 and u(x, 0) = g(x) =
2πβ sin(πx)

Re(α+ β cos(πx))

The exact solution of this equation is,

u(x, t) =
2πβ exp(−π

2t
Re ) sin(πx)

Re(α+ β exp(−π
2t

Re ) cos(πx))

Figures 6–8 display the numerical results obtained using the proposed scheme, along with the
corresponding exact analytical solutions of the Burgers’ equation. Figure 6 presents a com-
parison between the exact and numerical values of the space-averaged, time-dependent velocity
component ūx. Figure 7 shows the exact and approximate profiles of the time-averaged, space-
dependent velocity component ūt, while Figure 8 illustrates the exact and numerical results for
the centered-averaged velocity component ūxt. As shown, the numerical results closely match
the exact solutions, confirming the accuracy and effectiveness of the proposed scheme.
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Figure 6: Comparison between (a) the exact and (b) the numerical values of the space-averaged,
time-dependent velocity component ūx at T = 1, τ = 0.02, α = 4, β = 0.2, Re = 100, and a = 0.08
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Figure 7: Comparison between (a) the exact and (a) numerical time-averaged space-dependent
velocity (ūt) at T = 1, τ = 0.02, α = 4, β = 0.2 and a = 0.08
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Figure 8: Comparison between (a) the exact and (b) the numerical centered-averaged velocity (ūxt)
at T = 1, τ = 0.02, α = 4, β = 0.2 and a = 0.08

The root mean square (RMS) error, which quantifies the difference between the numerical
and exact solutions, is defined as

RMS =
1√
N

√√√√ N∑
i=1

(ūi,numerical − ūi,exact)2,

where the RMS error is computed separately for each of the variables ūx, ūt, and ūxt. In this
expression, ūi,numerical and ūi,exact denote respectively the numerical and exact values of one of
these velocity components.

Here N denotes the total number of discrete unknowns. For the steady-state solution shown
in Figures 6 – 8, the computed RMS errors for the space-averaged velocity ūx, the time-averaged
velocity ūt, and the centered-averaged velocity ūxt are 6.59×10−5, 2.66×10−4, and 6.67×10−5,
respectively. Figures 9, 10, and 11 illustrate the error for each corresponding velocity component,
demonstrating the high accuracy of the proposed numerical scheme.
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Figure 9: Error between the exact and numerical solutions of the space-averaged velocity component
ūx.
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Figure 10: Error between the exact and numerical values of the time-averaged velocity component
ūt.
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Figure 11: Error between the exact and numerical values of the centered-averaged velocity compo-
nent ūxt.

Figures 9–11 show the Errors for each averaged velocity component, confirming the high
accuracy and stability of the present scheme.
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4.0.2 Test 2

Now we consider the Burgers’ equation defined by,

− 1

Re

∂2u(x, t)

∂x2
+ u(x, t)

∂u(x, t)

∂x
+
∂u(x, t)

∂t
= f(x, t) ; −1 ≤ x ≤ 1 , 0 ≤ t ≤ T

with the boundary conditions

u(−1, t) = u(1, t) = −1

4
exp(

−t
Re

) and u(x, 0) =
1

4
cos(πx)

and the source term,

f(x, t) =
e−t/Recos(πx)

4Re
[π2 − πRe e−t/Re

4
sin(πx)− 1]

The exact solution of this equation is given as,

u(x, t) =
1

4
exp(

−t
Re

) cos(πx)

Figure 12 displays the comparison between the exact and the space-averaged, time-dependent
velocity (ūx). Similarly, Figures 13 and 14 show the comparisons for the time-averaged, space-
dependent velocity (ūt) and the centered-averaged velocity (ūxt), respectively. The numerical
simulations were performed with the following parameters: T = 1, Re = 10, nx = 80, nt = 80,
τ = 0.0125, and a = 0.025. The results demonstrate a close agreement with the exact solution,
confirming the accuracy of the proposed scheme for this second test case with a source term.
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Figure 12: Comparison between (a) the exact and (b) the numerical values of the space-averaged,
time-dependent velocity component ūx for Test 2 with T = 1, Re = 10, nx = 80, nt = 80, τ = 0.0125,

and a = 0.025.
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Figure 13: Comparison between (a) the exact and (b) the numerical values of the time-averaged,
space-dependent velocity component ūt for Test 2 with T = 1, Re = 10, nx = 80, nt = 80, τ = 0.0125,

and a = 0.025.
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Figure 14: Comparison between (a) the exact and (b) the numerical values of the centered-averaged
velocity component ūxt for Test 2 with T = 1, Re = 10, nx = 80, nt = 80, τ = 0.0125, and a = 0.025.

To evaluate the accuracy of the proposed scheme for Test 2, the root mean square errors
between the numerical and exact solutions were calculated for each averaged velocity component.
The RMS errors for ūx, ūt, and ūxt were found to be 3.29× 10−2, 3.29× 10−2, and 3.25× 10−2,
respectively. Figures 15, 16, and 17 show the RMS error profiles for these three components.
These results confirm the consistency and accuracy of the proposed scheme when applied to
problems with a non-zero source term.
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Figure 15: RMS error between the exact and numerical values of the space-averaged velocity
component ūx for Test 2 with T = 1, Re = 10, nx = 80, nt = 80, τ = 0.0125, and a = 0.025.
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Figure 16: RMS error between the exact and numerical values of the time-averaged velocity com-
ponent ūt for Test 2 with T = 1, Re = 10, nx = 80, nt = 80, τ = 0.0125, and a = 0.025.
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Figure 17: RMS error between the exact and numerical values of the centered-averaged velocity
component ūxt for Test 2 with T = 1, Re = 10, nx = 80, nt = 80, τ = 0.0125, and a = 0.025.

5 Discussion

To demonstrate the accuracy and the efficiency of the proposed scheme, Burgers’ equation with
different conditions is solved, and the numerical results are compared with the exact solution
for different values of Re, nx and nt.
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5.0.1 Test 1

To assess the performance of the proposed scheme, we consider the one-dimensional Burgers’
equation solved up to the final time T = 1, with parameters set to τ = 0.0125, α = 4, β = 0.2,
and a = 0.05, under Dirichlet boundary conditions. Numerical results are evaluated against the
analytical solution for various Reynolds numbers. Figures 18 to 23 present side-by-side compar-
isons of the exact and numerical solutions for Re = 1, 10, 50, 100, 1000, and 10000, highlighting
the method’s accuracy and robustness across a wide range of flow regimes.
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Figure 18: Comparison of exact and numerical solutions for Reynolds number Re = 1
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Figure 19: Comparison of exact and numerical solutions for Reynolds number Re = 10
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Figure 20: Comparison of exact and numerical solutions for Reynolds number Re = 50
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ū
x

(b) Numerical solution

Figure 21: Comparison of exact and numerical solutions for Reynolds number Re = 100
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Figure 22: Comparison of exact and numerical solutions for Reynolds number Re = 1000
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Figure 23: Comparison of exact and numerical solutions for Reynolds number Re = 10000

Figures 18 to 23 clearly demonstrate the robustness and accuracy of the proposed nodal
integral formulation across a wide range of Reynolds numbers. As the Reynolds number increases
from 10 to 10000, the numerical solution remains in good agreement with the analytical one. This
highlights the scheme’s capability to effectively capture nonlinear behavior even in convection-
dominated regimes. Notably, the method maintains both stability and precision at high Reynolds
numbers (Re = 1000 and Re = 10000), which are typically challenging for classical schemes.
These graphical results support the effectiveness of the proposed approach for solving complex
transport phenomena.

The corresponding numerical errors are summarized in Table 1.

Table 1: RMS errors of the proposed NIM scheme for the 1D Burgers’ equation at varying Reynolds
numbers. Parameters: T = 1, nx = 80, nt = 80, τ = 0.0125, α = 4, β = 0.2, and a = 0.05.

Re ūx RMS error ūt RMS error ūxt RMS error

1 2.08836e-02 3.0996e-02 3.0682e-02

10 3.7625e-03 3.9843e-03 3.8087e-03

100 6.3232e-05 1.7365e-04 6.3748e-05

150 2.9553e-05 1.1359e-04 2.9767e-05

300 8.3208e-06 5.6522e-05 8.3609e-06

400 5.0005e-06 4.2454e-05 5.0182e-06

500 3.3891e-06 3.4013e-05 3.3975e-06

1000 1.0247e-06 1.7083e-05 1.0240e-06

5000 5.4951e-08 3.4355e-06 5.4688e-08

10000 1.4456e-08 1.7193e-06 1.4378e-08

100000 1.5186e-10 1.7207e-07 1.5094e-10

Table 1 provides a quantitative comparison, further demonstrating the reliability of the
proposed approach over a wide range of Reynolds numbers. As the Reynolds number increases
from 1 to 100000, the RMS errors decrease significantly, especially for the centered-averaged
velocity error ūxt, which drops from O(10−2) to O(10−10). This highlights the scheme’s ability
to handle nonlinearities without generating spurious oscillations. Notably, the method remains
stable and accurate even at high Reynolds numbers (Re = 10000 and Re = 100000), which
often pose challenges for classical methods. These results support the efficiency of the proposed
method in solving convection-dominated flows.

To further assess the convergence properties of the proposed scheme, we examine the effect of
varying the time step size τ on the accuracy of the numerical solution. Keeping other parameters
fixed (Re = 100, T = 1, α = 4, and β = 0.2), we compute the RMS errors for different values of
τ , as shown in Table 2.
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Table 2: RMS errors of the proposed NIM scheme for the 1D Burgers’ equation at various time
step sizes τ . Parameters used: Re = 100, T = 1, α = 4, and β = 0.2.

Time step size τ ūx RMS Error ūt RMS Error ūxt RMS Error

0.05 6.9926e-05 6.3454e-04 7.1029e-05

0.03 6.9862e-05 4.3080e-04 7.0807e-05

0.025 6.7729e-05 3.2777e-04 6.8566e-05

0.0125 6.3232e-05 1.7365e-04 6.3748e-05

0.01 6.2455e-05 1.4383e-04 6.2879e-05

Table 2 illustrates the effect of the time step size τ on the accuracy of the numerical solution.
As τ decreases from 0.05 to 0.01, all RMS error metrics (ūx, ūt, and ūxt) consistently decrease,
confirming the convergence of the scheme with respect to time discretization. The relatively
small reduction in spatial error ūx reflects that spatial discretization dominates in this setup,
while the temporal and combined errors show more sensitivity to τ . These results demonstrate
that the method maintains stability and accuracy for sufficiently small time steps.

In order to illustrate the effectiveness of the suggested approach, it is necessary to do a
number of calculations on progressively fine-tuned grids. This grid refinement process allows us
to observe the convergence behavior of our solution and how the accuracy improves as the mesh
becomes finer (see Table 3). Table 3 presents the RMS errors for the quantities ūx, ūt, and
ūxt over the specified domain with grid sizes nx and nt ranging from 10 to 100. A clear trend
of decreasing RMS errors is observed for all three quantities as the grid sizes increase. This
decreasing confirms that the numerical method demonstrates good convergence properties.

Table 3: RMS errors of the proposed formulation of NIM scheme for the 1D Burgers’ equation over
the domain −2 ≤ x ≤ 2, 0 ≤ t ≤ 1, with parameters α = 5, β = 4, and Re = 10, for varying spatial

and temporal resolutions.

nx nt ūx RMS Error ūt RMS Error ūxt RMS Error

10 10 2.4147e-01 3.5550e-01 2.4807e-01

20 20 2.1538e-01 2.4017e-01 2.1550e-01

30 30 2.1123e-01 2.1518e-01 2.1097e-01

40 40 1.9435e-01 1.9452e-01 1.9435e-01

50 50 1.8248e-01 1.8205e-01 1.8261e-01

60 60 1.7531e-01 1.7482e-01 1.7547e-01

70 70 1.7092e-01 1.7049e-01 1.7108e-01

80 80 1.6809e-01 1.6774e-01 1.6825e-01

90 90 1.6618e-01 1.6589e-01 1.6633e-01

100 100 1.6483e-01 1.6458e-01 1.6497e-01

As shown in Table 3, the RMS errors decrease consistently as the grid resolution increases,
confirming the expected convergence of the method. This trend holds for spatial, temporal,
and combined error measures, demonstrating that the proposed new formulation of the nodal
integral method accurately captures the solution behavior with mesh refinement. The results
reinforce the stability and reliability of the scheme for solving the nonlinear Burgers’ equation
on finer grids.

5.0.2 Test 2

In order to illustrate the effectiveness of the present scheme, observe the convergence behavior
of our solution, as we did with the first test, a number of calculations on progressively fine-tuned
grids will be done. Table 4 presents the RMS errors for ūx, ūt, and ūxt over the specified domain
with grid sizes nx and nt ranging from 10 to 100. A decreasing RMS errors is observed for all the
above three quantities as the grid sizes increase. This decreasing confirms that the numerical
method demonstrates good convergence properties.
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Table 4: RMS errors of the proposed NIM scheme for the 1D Burgers’ equation at T = 1 and
Re = 10, for various grid sizes nx = nt.

nx nt ūx RMS Error ūt RMS Error ūxt RMS Error

10 10 3.7343e-02 6.0261e-02 3.4859e-02

20 20 3.4929e-02 4.1817e-02 3.3465e-02

30 30 3.4282e-02 3.7006e-02 3.3287e-02

40 40 3.3832e-02 3.5087e-02 3.3083e-02

50 50 3.3493e-02 3.4102e-02 3.2895e-02

60 60 3.3233e-02 3.3517e-02 3.2735e-02

70 70 3.3029e-02 3.3134e-02 3.2603e-02

80 80 3.2866e-02 3.2867e-02 3.2494e-02

90 90 3.2734e-02 3.2671e-02 3.2403e-02

100 100 3.2624e-02 3.2522e-02 3.2327e-02

As shown in Table 4, the RMS errors in space, time, and combined space-time domains
exhibit a decreasing trend as the number of grid points increases. This behavior confirms the
convergence of the proposed method with respect to grid refinement. The small and stable values
across all error types highlight the robustness and accuracy of the scheme, even on coarser grids.
These results validate the effectiveness of the present scheme and support its applicability for
solving nonlinear PDEs such as the Burgers’ equation. The modifications introduced in the
developed scheme is motivated by the results obtained in Table 4.

Fig. 24 illustrates the comparison between the exact solution and the numerical results
obtained using the proposed scheme for two different Reynolds numbers: a low Reynolds number
(Re = 1) in panel (a) and a moderate Reynolds number (Re = 10) in panel (b). The primary
objective here is to assess the scheme’s behavior by tracking the solution’s evolution at two
distinct times, T = 1 and T = 2.

These results illustrate how the proposed scheme captures the evolution of the solution over
time. The good agreement with the exact solution at both time instances indicates that the
method is capable of reliably tracking the temporal dynamics of the solution.
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Figure 24: Comparison of numerical and exact solutions at different times using the present scheme

The proposed method performs well across a broad range of Reynolds numbers and typical
time step sizes considered in this study. However, its behavior for very small time steps or highly
stiff equations, particularly those involving sharp gradients or shock-like features, has yet to be
thoroughly investigated. Such scenarios may lead to increased computational cost and potential
stability challenges, which are common in numerical schemes for nonlinear partial differential
equations. Addressing these limitations and enhancing the method’s robustness under these
conditions is planned for future work. Future efforts will focus on adaptive time stepping,
implicit formulations, and stabilization techniques, as well as extensions to multidimensional
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problems and complex geometries.

6 Conclusion

In this article, we introduced a scheme applied to the time-dependent Burgers’ equation, which
is a nonlinear convection-diffusion equation, with a number of Re equal to 100, 500, 1000,
and 100000. In order to verify the applicability of this scheme, the numerical results were
compared with the analytical solution, and it is found that the numerical results are in very
good agreement with the analytical solutions, therefore the numerical scheme give quite good
results, even for a large Reynolds number, and was motivated by its stability, convergence, and
its precision. The current work opens several avenues for future research, including extending
the scheme to two- and three-dimensional problems, application to the Navier–Stokes equations
in cylindrical coordinates, and comparison with established methods such as FEM and FVM.
These developments could make the proposed method suitable for complex simulations in fluid
dynamics, turbulence modeling, and engineering applications involving realistic geometries.

References

Ahmed, N., Kumar, N., & Singh, S. (2021). Node averaged nodal integral method. In 14th
WCCM-ECCOMAS Congress, CIMNE.

Ahmed, N., Singh, S., and Kumar, N. (2024). Physics-based preconditioning of Jacobian-free
Newton–Krylov solver for Navier–Stokes equations using nodal integral method. International
Journal for Numerical Methods in Fluids, 96, 138–160.

Ahmed, N., Maurya, G., & Singh, S. (2023). A novel cell-centered nodal integral method for the
convection-diffusion equation. Annals of Nuclear Energy, 189, 109858.

Ahmed, N., Singh, S. (2024). A modified cell-centered nodal integral scheme for the convection-
diffusion equation. Journal of Computational Science, 80, 102320.

Ahmed N., Singh S., & Bharti R.P. (2025). Modified preconditioned Newton-Krylov approaches
for Navier-Stokes equations using nodal integral method. Computers & Mathematics with
Applications 181, 163–192.

Ahmed, N., Kompalli, U. S. S., & Singh, S. (2025). An improved cell-centered nodal integral
approach for the transient diffusion equation. Sādhanā, 50, 1–12.
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