Advanced Mathematical Models & Applications : Jomar‘d

Vol.10, No.1, 2025, pp.17-25 : : -
https://doi.org/10.62476/amma.10117 PUb“Shlng

DETERMINATION THE RIGHT HAND SIDE OF THE LINEAR
EQUATION OF OSCILLATIONS OF PLATE-LIKE CONSTRUCTIONSY]

H.F. Guliyev'*, |"“ Kh.I. Seyfullayeva?

nstitute of Mathematics and Mechanics, Ministry of Science and Education,
B. Vahabzade 9, AZ1148, Baku, Azerbaijan
2Sumgayit State University, AZ5008, Sumgayit, Azerbaijan

Abstract. The paper considers the inverse problem of determining the right side of the linear equation of
vibrations of plate structures. Dynamics of plate-like constructions, for example of bridges, roof coverings and of
other structural elements can be controlled by the resistance to seismic loads and optimal displacement equation.
This time an optimal control method is used to optimize the behavior of the construction, i.e. with the aim
of achieving maximum stability with minimum energy consumption. In the paper first, the considered problem
is reduced to the corresponding optimal control problem. Further, using the standard procedures the existence
theorem for the optimal control is proved. Then the differentiability of the constructed functional is investigated,

and the necessary and sufficient optimality conditions are derived.
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1 Introduction

It is known that vibration processes of a plate-like constructions are described by second order
partial differential equations (Armanl |1977)). Therefore, it is important to study the existence
of the solution of a boundary value problem for this equation. Furthermore, the study of inverse
problems for partial differential equations, especially for the equation of vibrations of a plate-like
construction is of theoretical and practical interest (Kabanikhin, [2009)).

One of the approaches for solving inverse problems for partial differential equations is the
optimization method or variational method. The essence of this method is that the inverse
problem is reduced to an optimal control problem and the newly obtained problem is solved by
the methods of the optimal control theory. In|Arman| (1977), the differential equation of a plate-
like construction was derived and this equation is a hyperbolic equation. Then, a surface integral
was considered, the problem of finding the minimal optimal thickness of the plate was studied
and a necessary condition for the optimality in an optimal control problem was obtained only for
an appropriate elliptic type equation. In this paper under consideration the inverse problem of
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finding the right hand side of the equation for nonhomogeneous case of the hyperbolic equation
obtained in |Arman| (1977) was reduced to an inverse optimal control problem, a theorem on the
existence of an optimal control was proved, necessary and sufficient condition for the optimality
was derived.

The study of inverse optimization problems began at the end of the XX century (Alifanov
et all [1988), and these problems are currently intensively studied. It should be noted that
some related problems were considered in the papers Guliyev & Seyfullayeval (2017); Li et al.
(2002)); Bauer et al.| (2022); [Burczynski et al.| (2020); |Altenbach & Eremeyev] (2023); |Aridogan
& Basdogan (2015). In |Guliyev & Seyfullayeva (2017)), the inverse problem on defining the
right hand side for an equation of vibrations of an elastic plate is solved by the optimization
method. In |Li et al. (2002) the problem on defining damaged parts of a plate-like construction
was considered, numerical modeling and experiments were carried. Such problems arise in
machine building, in aeronautics, in designing constructions and they are very important for
safety of these constructions. In Bauer et al|(2022) it is noted that new processing are required
for meeting the growing demand to plate materials and it is necessary to combine different
materials for improving the properties of materials when designing constructions.

This time it is necessary to give a certain structure to the material and its components. The
interaction between materials and their structure can be on different scales. They can be applied
in various fields. In above mentioned works the optimal control problems have not been solved
from mathematical point of view.

In Burczynski et al. (2020); |Altenbach & Eremeyev, (2023)); |Aridogan & Basdogan, (2015)
numerical modeling of constructions was considered. In [Seyfullaeval (2012), an optimal control
problem for an equation of vibrations of a plate-like constructions was studied, i.e. in the problem
under consideration, the existence of an optimal control is proved and a necessary condition for
optimality is found. Dynamics of plate-like constructions, for example of bridges, roof coverings
and of other structural elements can be controlled by the resistance to seismic loads and optimal
displacement equation. This time an optimal control method is used to optimize the behavior
of the construction, i.e. with the aim of achieving maximum stability with minimum energy
consumption.

Furthermore, plate-like systems can be used for the robots to move and for stabilization
processes. There it is intendend to control the movements or maneuver of the robot, to build a
control management strategy according to it, for example, to optimize the movements of flexible
elastic plates manipulated by robots. Dynamics of plate like structures plays an important
role in various mechanical systems, for example in flying or floating objects. Optimal control
corresponding to this equations can be used to optimize motion, especially in aerodynamic and
hydrodynamic mode. Optimal control problems can be applied taking into account the behavior
of plate-like structure in the human body or prostheses. For example, these problems can be
used to increase patient mobility by controlling the movement of medical devices and prostheses.

More stable systems can be built through optimized control equations for the safety of
buildings and other infrastructure against vibration or impacts.

2 Formulation of the problem

It needs to find the pair of functions (u,v) € W3 (Q) x La(f2) from the relations

p 0%u 0 ou 0 ou\
Ehﬁ % (hﬁx> “ oy <h8y> =v(z,y)f(t), (z,y,t) € Q, (1)
U(.%',y, 0) = @U(xay% W = Sol(xvy)a (xvy) € Q? (2)
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u(0,y,t) = 0,u(a,y,t) =0, 0<y<b, 0<t<T,

3)

u(z,0,t) = 0,u(x,b,t) =0, 0<zx<a, 0<t<T,

T
| Ky tutepd = xa). @) <0 (4)

Note that equation (1) is the equation of vibrations of a plate-like construction (Arman,
1977). Where (z,y) € Q@ = {(z,y):0<zx <a, 0<y<b}, t€ (0,7), Q=Qx(0,T),a, b T
are given positive numbers, p(x,y) is a dense of the mass at the point (x,y), G- voltage, h(zx,y)
is the heath thickness of the plate in the point (z,y), 0 < v < h(z,y) < u, v, p-given positive
numbers, u(x,y, t)-is deflection of the plate in the point (x,y) at the moment ¢, f(t) € L2(0,T),

o

wo(T,y) € Wi (), v1(z,y) € La(Q), K(z,y,t) € Loo(Q), X(z,y) € L2(Q) are given functions.
If in equation (1) function v(z,y) known function, then (1)-(3) will be conditions to find
function u(x,y,t).
If in equation function v(z,y) unknown, then gives addition conditions (4).
We‘ll consider the generalized solution of problem (1)-(3).

Definition 1. Under the generalized solution of the problem (1)-(3) corresponding to the func-
tion v(x,y) we‘ll understand the function u(z,y,t) € W3 (Q), that satisfies to the integral identity

P ou 817 ou 0On @ on _
/Q< c"or ot T "or ax oy 9y ) Y
—/Qghsol(my)n(m,y?O)dwdy:/Qv(x,y)f(t)n(x,y,t)d:cdydt ()

for any ¥n(z,y,t) € W3 (Q),n(x,y,T) = 0, satisfying the conditions
n(0,y,t) =0, n(a,y,t) =0, 0<y<b, 0<t<T,
n(z,0,t) =0, n(x,b,t)=0, 0<z<a, 0<t<T.

Note, that the conditions (3) and u(x,y,0) = ¢o(z,y) are satisfied in the sense almost
everywhere.

This problem we reduce to the following optimal control problem: to find the minimum of
the functional

2

1 T
s = [ | [ K tuto e - x(o| o, ®

subject to (1)-(3). The function v(x,y) is called a control. By u = u(z,y,t;v) we denote the
generalized solution of the problem (1)-(3) corresponding to the control v(z,y). As a class of
admissible controls U,q we take convex closed set from Lo(€2).

We regularize the problem (1)-(3), (6)by the following way: instead of the functional (6)
consider the following functional

Ja(v) = T(v) + & /Q (v ) — wiz, y))Pdady, (7)

where o > 0 is a positive number, w(z,y) € L2(f2) is a given function.
It is required find minimum of functional (7) in the class U,y under conditions (1)-(3).
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3 Existence of the optimal control

Theorem 1. Under the imposed conditions on the problem data, there exists unique an optimal
control in problem (1)-(3), (7).

Proof. Let {v,(z,y)} € Uyq be a minimizing sequence, i.e.

lim Jy(vn) = inf Ju(v). (8)

n—00 vEU4q

From expression of functional (7) we obtain, that
e (9)

Taking it into account, for solutions of problem (1)-(3) corresponding to v, (z,y), we obtain
the estimation (Ladizhenskaya (1973), pp.209-215)

lunllwy@) <€ ||Un||L2(Q)+HfHL2(0,T)+||<P0Hm‘/’21 + e, - (10)

(@)

By virtue of (9) and (10), we can choos from sequences {v,}, {u,} subsequences that (we
also denote this by {v,}, {un} n — o00.)

vp, — vg weakly in Lo (), v € Uyg,

ouy, OJug Ouy, Oug Ouy, Oug )
Up — UQ, ﬁ — ﬁ’ % — %, 873/ — Ty Weakly mn LQ(Q)

By virtue of compactness theorems, (Ladizhenskayal (1973)), p.64) it follows that u,, — ug is
strong in Lo(Q).

Considering these relations, in the definition of the generalized solution for the problem
(1)-(3), by v = vy, u = uy,, passing to limit as n — oo we have

0O O Dw oy 0w on
/Q< Gt o T ar an ey gy ) vt

— [ Lhor(w gty 0)dady = [ wole,) f(On(e, v, ) dudyi.
Q Q

Hence it follows, that ug = u(vp), i.e. uo(x,y,t) is a generalized solution for the problem (1)-
(3), corresponding to the control vg(z,y). Thanks to functional J,(v) is weak semi-continuous
below, then

lim Jo(vy) > Jo(vo). (11)

n—oo

Then from (8) and (11) follows that

Ja(vg) = inf Ju(v).

vEU 44

It shows, that vg(z,y) provides the minimum to functional (7), i.e. is an optimal control. [J
The theorem is proved.
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4 Differentiability of the functional (7), necessary and sufficient
condition optimality

Let us introduce the adjoint problem to (1)-(3), (7) for the given control v(z,y) € La(f2):

2
PROY 9 (00N O (00
G ot2 09z \ Oz oy \' Oy

T
=—-K </ KUdt_X> 7($7y7t)EQ7 (12)
0
vy 1) =0, 228D g 0y e (13)

$(0,y,t) =0, ¥(a,y,t) =0, 0<y<b, 0<t<T,
(14)
P(x,0,t) =0, P(x,bt)=0, 0<zx<a, 0<t<T.

From the conditions imposed on the data of the problem (1)-(4) follows that this adjoint
problem has unique generalized solution from the space W (Q) (Ladizhenskaya, 1973).

To derive the necessary conditions for optimality in the considered problem we take two
arbitrary admissible controls v(z,y) and v(x,y) + dv(z,y). The corresponding solutions of
problem (1)-(3) are denoted by u(x,y,t;v) and u(z,y, t; v+ dv) = u(z,y, t;v)+du(x,y,t). Then
ou(z,y,t) = u(z,y,t;v + dv) — u(x,y, t;v) is a solution of the boundary value problem

2(5u U U
p,0*0u) 0 (h(@)g(h%):@(m,yw), (z,y.t)€Q,  (15)

G ot Ox

Sulz,y,0) = 0, 8(5“(;;9’0)) —0, (2,y) €O, (16)

6u(0,y,t) =0, du(a,y,t)=0, 0<y<b, 0<t<T,
ou(z,0,t) =0, du(z,b,t)=0, 0<zx<a, 0<t<T.

Let’s show that
16u(z, y, )llwa(q) < Cllov(z, y)llL,q) - (18)

For this purpose, we use Faedo-Galerkin’s method. Take the basis {w;(x,y)}-; from W2 (Q),
where the system {w;(z,y)};2; is orthonormal in Ly(Q2) and the approximate solutlon for the
problem (15)-(17) search in the form

5U’N(xa Y, t) = Z cgv (t)w’b (.%', y)
from the equalities

02 (ou™N A(ouN 0
/G o2 '(w,y)dlfdva/Q(h (ax )> i (@ y)dedy+

6((5uN)> 0
+/ <h —wj(z,y)dedy =

- /Q 50 (2,y) (B (@, y)dedy, 1< j <N, (19)
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N0y =0, LeN )

S P =0.

t=0

Both sides of (19) multiply by %cév (t) and sum over j from 1 to N. Then we get

P 02 (5u™N) o(su™) / I(duM)\ 0?(sulY)
/QGh oz ot W |\ e ) Tamar W

8(5uN) 62(5'&]\7) B 8(5uN)
+/Q<h y ) dyot dibdy—/gv(x,y)f(t) ot dxdy.

(%) () o (57 -

B a(ou™)
—/Q(FU (z,y) f(t) 5 dxdy.

If to integrate this equality over ¢t from 0 to ¢ by the imposed conditions we get

Ly (5 (25 o

§c+c/0t/Q [(MN(%%S))Q* (W)2+ <W>2+

N 2
Y Q

It gives that

1d
2dt

where by C' we denote the constants not depending on the estimating quantities and admissible

controls.
o)

Due to equivalency of the norms in W3 () we obtain

/Q [(5uN(a:,y,t))2 + (aéuNéf’y’t))z + (85“Ngi’y’t)>2+

. <05uN(3:,y,t)>2

t
N 2
9y dzdy < C + C/o /Q {(&L (z,y,5))" +

(200N @y )\ (00uN iy )\ (00uN iy )]
ot Ox dy

+C / 6v(z,y)|? dedy. (20)
Q

Application of the Gronwall’s lemma leads to

/Q [(6uN(x,y,t))2 + (85uNéf’y’t))2+

N 2 N 2
L (P N (0T N <
Ox Py

< Cl6v(a, y)l7 ) » V€ [0,T]. (21)
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From this integrating over ¢ we get
2 2
0™ . )3 gy < C 100,90 (22)

From (22) we get that from the sequence {5u™ (z,y,t)} one can choose a subsequence (which
is also denoted by{éu® (z,y,t)}) that converges weakly in W3 (Q) to some function du(z,y,t)
by N — oo.

Then, by the weak semi-continuity below of the norm in the Hilbert space, (22) implies
estimate (18).

Since u(z,y,t;v + 0v) = u(x,y,t;v) + du(x,y,t) we can calculate the increment of the
functional J,(v):

AJy(v) = Ju(v+ 0v) — Ja(v) =
_ /[(/ K (u + bu)dt — ) </ Kudt — >]da:dy—|—
+31ﬂ@+ﬁu—w2—w—wfyﬂw== (23)

_ /Q ( /0 " Kudt — X> ( /O ' K5udt> dady+

+a / (v —w)dvdxdy + R,
Q

where
2

R=- dxdy—l—g/ 6v(x,y)|? dedy
Q

T
/ Kéu(x,y,t)dt
alJo

is a remained term.
Since du(x,y,t) is a generalized solution of the problem (15)-(17), for arbitrary function
n(z,y,t) € WHQ), n(z,y,T) = 0 is valid

fQ ( h@(gzt) + ha(éu) —l— h@(@y) %Z) drdydt =
(24)
= Joov(z,y)f(t)n(z,y,t)dzdydt

and du(z,y,0) = 0 true.

Similarly, since ¢ (z,y,t) is a solution of the problem (12)-(14), for any function g(z,y,t) €
WQ), g(x,y,0) = 0 we have

dp dg O dg 9P dg
AN v t=
/Q<Gat o T Mar e T oy oy ) M

T
—/ K (/ Kudt — X) gdxdydt (25)
Q 0
and Y(z,y,T) = 0.

If in (24) we take ¢(x,y,t) instead of n(x,y,t), and in (25) to take du(x,y,t) instead of
g(x,y,t) and subtract (25) from (24), then considering (23) we obtain

M) = [ [0,.00(0) + a(wola ) (o )] vl p)dedydt + B (26)
Now let us estimate the remained term R taking into account the estimation (18)

/ K2dt - / (6u)?dt

23

0§R—f

dxdy + — /|5U\ dzdy <
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T
<c / / (6u)2dzdydt + C |8v]]2, g, - (27)
QJo
Taking into account (18) for here we get
R < C||6v][7,q) -
Then as follows from (26) the gradient of the functional has a form

gradJo(v) = —(z,y) f(t) + a(v(z,y) — w(z,y)).

Thus due to known theorem from (Vasiliev (1980), p.28) in order to the vo(x,y) control was
optimal it is necessary fulfillment of the inequality

/Q(_/OTz/;(x,y,t)f(t)dtJra(vo(x’y)_w(x’y))) N

X ('U(.’L’,y) - U0($,y)) dmdy >0 Vo € Uad- (28)

Since the functional (7) is strongly convex in U,4 and the problem (1)-(3) is linear, condition
(28) is also sufficient condition of optimality.
Thus the following theorem is proved.

Theorem 2. Let the imposed on the data of the problem (1)-(3), (7) be fulfilled. Then for the
optimality of the control vo(x,y) in this problem it is necessary and sufficient fulfillment of the
inequality (28).

5 Conclusion

In the presented work, considers the inverse problem of determining the right side of the linear
equation of vibrations of plate structures. The problem is reduced to the optimal control prob-
lem. Existence theorem proved for optimal control. Differentiability of the functional is studied
and necessary and sufficient conditions of optimality are derived.

An optimal control problem for an equation of vibrations of plate-like constructions can
be applied in various fields. Such problems play an important role in such fields as structural
engineering, robotic technologies and modeling of physical processes.

In these applications, optimal control aims to direct properly system behavior, minimize
energy consumption and generally to increase performance. Equations of vibrations of plate-like
constructions are widely used in solving optimization problems by analytic and computer-based
methods in engineering problems like these.
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