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Abstract. Mucociliary clearance (MCC) is a protective process in human respiratory system to expel inhaled
strange particles such as dust, dirt, and smoke out of the human body. The particles are caught by mucus residing
in the respiratory tract and then mucus forms a mucus layer (ML) lining above the cilia settling on the ciliated
epithelial cells. The mucus is removed from the human body by ciliary beating. Here, we study the fluid flow
above the tips of cilia up to the mucus layer affected by the movement of cilia. In this work, the two-dimensional
Stokes equation is applied to find the velocities of the fluid in the free-fluid region. The numerical solutions are
approximated by using a mixed finite element method. This problem can be usefully applied to problems in which

fluids are affected by the self-movement of a solid phase.

Keywords: Stokes equation, mixed finite element method, free-fluid region, mucus layer.

AMS Subject Classification: 35Q35, 35Q90, 35Q92, 656N30, 76D07, 76Z05, 76710, 92B05.

Corresponding author: Kanognudge Wuttanachamsri, Department of Mathematics, King Mongkut’s Institute
of Technology Ladkrabang, Ladkrabang, Bangkok 10520, Thailand, e-mail: kanognudge.wu@kmitl.ac.th
Received: 20 May 2024; Revised: 28 July 2025; Accepted: 16 September 2025; Published: 10 April 2025.

1 Introduction

Mucus is a viscous fluid produced in the human body, in which the mucus comprises of 95%
water, 2-3% glycoproteins and proteins, 1% mineral, 1% lipids and 0.02% DNA (Matthews et al.,
1963; |Potter et al., 1967). The mucus is part of airway surface liquid (ASL) that lines between
the epithelial cells and air in the respiratory tract. The ASL consists of two layers: the mucus
layer (ML) and the periciliary layer (PCL). The mucus layer is adjacent to the air surface and is
on the PCL covering the epithelial cell surface (Boucher, |1999; |Derichs et al., 2011) as shown in
Figure(l] Figure[l|shows a portion of a cross-section of the trachea that comprises of the inhaled
particles, air, the mucus layer (ML), the periciliary layer (PCL), cilia, epithelial cells, ciliated
cells and goblet cells. The PCL consists of two phases: liquid and solid phases, where the liquid
and solid phases are the PCL fluid and cilia, respectively. Therefore, the PCL is considered as
a porous medium. The mucus is secreted from the goblet cell scattering in the epithelial cell to
catch foreign particles that get into the human body. After that the mucus forms the mucus
layer lining above the PCL and is moved out of the body by the beating of cilia. This mechanism
is called Mucociliary clearance (MCC), which is the primary innate defense mechanism of the
human respiratory system (Knowles & Boucher] 2002; Wanner et al., [1996).
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Figure 1: The clearance of mucus in the respiratory system

Several studies investigated MCC both numerically and experimentally (Battle et al., |2015;
[Ding et al., 2014; [Houtmeyers et al., [1999; [Lale et al.l |1998; |Rusznak et al., [1994; [Satir &]
Christensen, 2007; |Sedaghat et al., 2023; [Vanaki et al., 2020; Xu & Jiang), 2015)). For example,
Xu & Jiang| (2015]) considered five rods (cilia) for both symmetric and asymmetric cilia motion
by using a rod-propel-fluid model. They found that the cilium height difference was efficient in
driven transport and the transport capacity of the MCC increased when cilia density and cilia
beating frequency increased. Ding et al.|(2014) studied the fluid flow in both the PCL and the ML
by using three-dimensional microscale equations. Sedaghat et al. (2023)) studied the effect of cilia
abnormalities on mucociliary clearance (MCC) in bronchial airways by using three-dimensional
incompressible modified Navier-Stokes equations. The finite difference projection method was
used to solve these equations. Vanaki et al| (2020) investigated the cilia in both the healthy
state and the disease state for mucociliary clearance in the human respiratory system. They
found the numerical solutions depending on various parameters such as ciliary beat frequency
(CBF), metachronal waves of cilia, surface tension at the PCL-mucus interface, ciliary length,
ciliary density, and liquid depth in the airway. [Poopra & Wuttanachamsri (2019, 2022) and
SuanKasem et al| (2018) studied the velocity of the PCL fluid using one-dimensional Stokes-
Brinkman equations by using asymptotic expansion method in different approaches. [Phaenchat
& Wuttanachamsri (2019), and Kasamwan & Wuttanachamsri (2020)) calculated the velocities of
PCL fluid by using a finite element method, a finite different method and classical linearization
method. (Chamsri (2014) used a mixed finite element method to discretize the n-dimensional
macroscale Stokes-Brinkman equations which were used to find the velocity of the PCL fluid
in Wuttanachamsri & Schreyer| (2020). Free interfaces at the tips of cilia in the PCL was
presented in Wuttanachamsri (2020). [Verma & Ranal (2015)) used steady-state mathematical
model to study mucus transport in the airway in the human lung. Modaresi & Shirani (2023)
investigated the velocities of both the PCL and ML by using three-dimensional mathematical
models. The velocities were influenced by variations in mucus viscosity and distinct velocities at
the PCL/ML interface. Wuttanachamsri et al.| (2024]) provided the velocity of the PCL fluid in
the porous medium when cilia beat forward by using the two-dimensional Brinkman equation.

Here, we examine the velocity profiles of both the PCL fluid and the mucus. Figure
depicts the computational domain used in our investigation, which consists of the ML and the
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PCL. Within the PCL, the black straight lines represent cilia, which make the angle 6 with the
horizontal plane. The variable ypcy is the y value at the interface between the PCL and the
ML and ¥, is y value at the interface between the porous medium and the free-fluid region.
For example, the symbols y;,(80°) and y;,,(70°) are y values at the interface between the porous
medium and the free-fluid region when cilia make the angle 80° and 70° with the horizontal plane,
respectively. When cilia make an angle 6 < 90°, the PCL can be divided into two layers: the
porous medium, comprising both the PCL fluid and cilia, and the free-fluid region, containing
only the PCL fluid. For 8 = 90°, there exists only the porous medium in the PCL. In this work,
we concentrate on two domains: the free-fluid region, 21, and the ML, 5. In domain 1, the
free-fluid region occurs at the angle 8 < 90°. As cilia bend downward to various angles, the
height of the free-fluid region varies from y;, to ypcr. For example, at the angle 80°, the height
from ¥;,(80°) to ypcyr is 0.0152, while at the angle 70°, the height from y;,(70°) to ypcr is
0.0603.

Mucus layer
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Figure 2: Cartoon picture of the PCL and the ML

To determine the velocities of the fluids in 2 and 2 influenced by cilia movement, we use
the velocity of the PCL fluid within the porous medium obtained from [Wuttanachamsri et al.
(2024) as the lower boundary condition of domain € to compute the velocity of the PCL fluid
in €. After that, we adopt the velocity of the PCL fluid within €, as the lower boundary
condition of domain €y to determine the velocity of the mucus. By creating the numerical
domain in which the self-movement of cilia affects the fluid flow in domains €7 and Q9 when
cilia make various angles to the horizontal plane within one numerical domain, and the fluid
velocity in €2 is used to calculate the mucus velocity, to the author’s knowledge, this research has
never been done before. In this work, the velocities of the fluids in 2 and 5 are found by using
the two-dimensional Stokes equation. A mixed-finite element method is used to approximate
the numerical solutions.

In Section |2 we present the governing equation. The discretization of the mathematical
model using a mixed-finite element method is described in Section [3 The numerical results of
the velocities of the fluid in €21 and €2, are presented in Section [5| The conclusion is drawn in
Section [6l

2 Governing Equation

In this section, we provide the governing equation used in this work. We assume that the fluids
in 1 and s moving past the layers are incompressible. Therefore, we use the Stokes equation
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and the continuity equation in both domains,

Vp — pAv = pg, (1)

V-v=0, (2)

where 1 is a dynamic viscosity, p is pressure, p is fluid density, v is velocity of the fluid and g is
gravity. In the two-dimensional domain, let v = (u,v) and g = (g., gy). Then Egs. and
can be rewritten as

8p Pu  O%u
o (8;102 + 8y2> = PGz; 3)
dp v 0%
oy — <8$2 + 8y2> = P9y; (4)
ou Ov
e + oy 0. (5)

We now have three equations and three unknowns, which are u, v and p. The governing equations
- will be discretized in the next section.

3 Model Discretization

The mathematical model in Section [2]is discretized in this section by using a mixed finite element
method. Define w and ) be quadratic and linear weight functions. To find the weak formulation,
we multiply Egs. - by w and Eq. by @ and integrate over the domain €;, i = 1, 2.
Then Egs. - becomes

dp Pu  0%u\] B
/Qi [w%_ﬂw (W‘FW)_sz—/QiPQ:c"LUdQu (6)
Op v 0%v\] B
/Qi [way — pw <8$2 + 8y2> dQ,; = /Ql pgyw dsl;, (7)
Oou  Ov)]
/Qz- [Q (8x+ay>_dﬂi—0. (8)

Applying Green’s identity to the left-hand side of Eq. @ and , we have
Oowou  Ow du ow
——t — dQ); = 2w d§;
/Qi [“(amﬁ Iy ay> oz’ ] /Qipg“’

+/ w %n Jr@n — wpng | dT';
FiM or T ayy PN i

owov Ow v ow

[ b (5 + 5 3) — e o= [ oo a0
+/ [ ( Y g ) wpny} dr;,
T

where n, and n, are outward unit normal vectors in x— and y—directions, respectively. Let V},
and P, be finite-dimensional subspaces of H'(2) and L3(Q), respectively, where L3(Q) = {p €

(10)
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L2(9) : fﬂp dQ = 0}. Let (u,v,p) € Vj x Vj, X Py, and the variables u, v and p be expressed as

Z P (x)u™ = TU, (11)
- Z P (x)0" = TV, (12)
nzl
=Y ax)p = ¢"P, (13)
=1

where U and V are the vectors of the velocities, P is a vector of the pressure, the superscript
T represents the transpose operation. The vectors 1) and ¢ are quadratic and linear shape
functions, respectively. Let the weight functions w and @) be approximated as

wR Yy, QR P (14)
Substituting Eqgs. - into Egs. - , we have

0P 0y 31#31”) R N .
“/Q< + dQ;U /Qiaﬂ dQZP_/QipgzwdQl

Or Ox oy Oy

(15)
T T
/ <wwnx+w L4 ny> dr;U — / $¢Tn, TP,
Iy
0v0uT oy ou" ’ |
,u/Qi ((%: o ay By )dQV / —¢" d);P = /QipgywalﬂZ )
(wT 8¢T T
/ (w ne 00 ny> iV — / T, dr;P,
F’.
T T
/¢‘9‘”dQU+/ ¢a¢ydgv 0. (17)

Let Q; = UQe i = 1,2, where Qf is the element domain. Then Egs. - can be written

in the element matrix form as follows

K 0 -A] (U 2]
0 K —-A|{Vy={F}, (18)
AT AT o | |P 0

where the elements in the coefficient matrix are defined as

_ oY ot 0P OPT e
K_,u/ (693 81:+8y Ay A,

A = %Tda
Qe 8ZE
o
= [ “=¢ldo,
2 o Dy (19)
T T
F = / pgath dQS + p / <¢8w Na +¢8¢ ny> dTSU — [ ¢¢pTn, dTSP

e awT ad}T e T e :
= PGy dSY + Y Ny + ¢ ny | dI';V — Yo ny dI'SP,i =1,2.
Q¢ r¢ Ox Ay r¢

We now obtain the element matrix form for the domains 1 and 2. The boundary conditions
used in this problem are provided in the next section.
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4 Boundary Conditions

The boundary conditions used in this research are presented in this section. Figure |3|shows the
domains and boundaries used in this study. The variable y;y, is the y value at the top of domain
Q. Although ypcy is the length of cilia when cilia are perpendicular to the horizontal plane,
in this study, we use dimensionless ypcy, which is equal to 1. Similarly, we use dimensionless
ymL- So ypyr is equal to 2. Here, we suppose that cilia bend downward from 6 = 90° to other
angles, decreasing by 10° for every 0.2 change in the z-axis. That is, when cilia make the angles
f# = 90°,80°,70°,60° and 50°, they correspond to the ranges of x = 0 to z = 0.2, x = 0.2 to
r=04, x=04tox=0.6, r=0.6toxz=0.8 and x = 0.8 to x = 1, respectively. We assume
cilia stop beating at the angle § = 40° (Sears et al., 2013)). The boundary I'; is at the tips of the
cilia excluding the case that § = 90°. The boundary I'y is at the interface between the free-fluid
region, €21, and the ML, Q5. The boundary I's is the right boundary of €2;. The boundaries I'y,
I's and I'g are at the left, right and the top borders of 25, respectively. In this work, we assume
that the velocity is continuous at the free-fluid region/the ML interface (at I'g).
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Figure 3: Domains and boundaries.

We first consider the free-fluid region, £2;. The velocity of the PCL fluid at I'; is obtained
from |Wuttanachamsri et al.| (2024). That is
u(x,ym) = u;y at I'y, (20)
v(T, Yin) = vin at Iy,
where u;;, and v;, are the velocities of the PCL fluid in z— and y—directions at the boundary
I'y.
For the ML, €25, we use the velocity of the PCL fluid obtained from €2; to be the boundary
condition at the bottom of Qy. The velocity of the PCL fluid at y = ;,(90°) is obtained from
Wuttanachamsri et al| (2024]). At the boundary I's, we assume that

Oul,ynr) _ o o 1,

5 (21)
ov(x,
1’(538;/1\412) =0 at Ig.

The velocities at the boundaries I's,I'y and I's are unknown. The boundary conditions will
be applied to Eq. to find the velocities of the fluids in €7 and €5 in the next section.

149



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.10, N.1, 2025

5 Numerical Results

In this section, we present the numerical results of the two-dimensional Stokes equation by
using a mixed finite element method. To find the velocities of the fluids in € and s, we first
provide the velocity of the PCL fluid at the tips of cilia, obtained from [Wuttanachamsri et al.
(2024), when cilia make the angle 8 = 90° to 50° to the horizontal plane. In Wuttanachamsri
et al.| (2024)), the authors have found the velocity of the PCL fluid in the porous domain for the
forward stroke of cilia. Figure [ illustrates the velocity u of the PCL fluid at the tips of cilia
at 8 = 90°,80°,70° 60° and 50°. Note that the velocities decrease when 6 decreases. Figure
shows the velocity v of the PCL fluid at the tips of cilia. Remark that the velocity v is greater
than zero at # = 90° and drops to the negative values at other angles. This is because the cilia
bend down during their forward stroke. The velocity of the PCL fluid at the tips of the cilia is
used to be the bottom boundary condition of ©; (at I';) except the velocity at § = 90°. This is
due to the absence of a free-fluid region in £2; when the cilia are perpendicular to the horizontal
plane. The outward unit normal vector n = (n,,n,) used in this work is (0,—1) at I'y, (1,0) at
I's and I's, (—1,0) at I'y and (0,1) at I's. At I's, we assume that the velocity is continuous at
the free-fluid region / the ML interface.

250
—%—90°
—&—80°
—s—"70°
2003 60°| 1
50°
150 8
3
100 8
50 F k 1
0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

T

Figure 4: The velocity u of the PCL fluid at the tips of the cilia for each angle

The values of other variables used to calculate the numerical result in the domains 2
and Qy are as follows. The gravity g = (0,9.8 x 1075)(um/s?) and the fluid density p =
992.2 x 107 (g/um?), which is the density of the water at 40°C (The Engineering ToolBox,
2013)). Since the viscosity of the PCL fluid and the mucus are different, the viscosities used
in this paper are u = 3 x 1075(g/(um - s)) in Q; (Wuttanachamsri & Schreyer} 2020) and
p=2x107%(g/(um - s)) in Qy (Chatelin & Poncet}, [2016).

The numerical solutions are verified by comparing them with an exact solution (Koplik et
al.;|1983). The domain of the problem consists of the porous medium below a free-fluid layer and
an impermeable plate dragged in the z-direction at the top of the domain. In this work, we only
compare our numerical solution with the velocity of free fluid above the porous medium. Since
our numerical solution is calculated in the two-dimensional domain, we average the numerical
solution over the z-direction and compare the average result with the exact solution. Figure [0]
illustrates the average velocities calculated from different mesh refinements which are 5, 11 and
17 nodes in y—direction, and the exact solution. It presents that the average velocities converge
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Figure 5: The velocity v of the PCL fluid at the tips of the cilia for each angle

to the exact solution when the number of nodes in y-direction increases. The ls-norm errors of
the average velocities are shown in Table [Il It shows that the error decreases as the number of
nodes in y—direction increases.

1 \
—+—>5 nodes

11 nodes
—»—17 nodes
—+—exact solution

0.9F B

y-axis

0.85 - B

0.8 - 1

L
-0.2 0 0.2 0.4 0.6 0.8 1
velocity

Figure 6: The average velocities for 5, 11 and 17 nodes in y-direction and the exact solution

#nodes in y-direction | ls-norm errors
5 nodes 0.3047
11 nodes 0.2856
17 nodes 0.1461

Table 1: The ls-norm errors of the nodes in y-direction

Next, we find the velocities of fluids in €1 and Q2 by applying a mixed finite element method
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to the two-dimensional Stokes equation with the boundary conditions mentioned in the previous
section. The number of grid points used in this work is 3051 grid points which is generated
by the open software Netgen . The velocity of the fluid in €2; is provided in
Figures [7] and [§ at the angle § = 80° — 50°. So, the velocity of the fluid in £ starts at § = 80°
from x = 0.2 to 0.4. For the x ranges of the angle 6§ = 70°,60° and 50° are = 0.4 to 0.6,
x = 0.6 to 0.8 and = = 0.8 to 1, respectively. The heights of domain 4 from y;,,(0) to ypcyr, for
the angle 8 = 80°,70°,60° and 50° are 0.0152,0.0603,0.1339 and 0.2339, respectively. Figure
shows the velocity u of the fluid in ©; which is highest at # = 80° and it decreases when the
angle decreases. Figure [§] demonstrates that the velocity v of the fluid in €2 is the negative
value when cilia are bending in a downward direction, which the least negative value occurs at
0 = 60°. Then the velocity has less negative until 6 = 50°.

4140
200
<4120
150
100
< 100
50 30
0
1 60
40

Figure 7: The velocity u of the fluid in 4

To find the velocity of mucus in 25, we use the velocity at the top of the domain €2 to be
the velocity at the bottom of the domain Qy. The domain € is [0,1] x [1,2]. Figure [9] shows
that the mucus velocity u is maximum at (z,y) = (0,1) and minimum at (z,y) = (0.98,1) which
is at the bottom boundary of 25. Although, from the left to the right, the velocity v of mucus
declines when y € [1,1.4] for all x, the velocity u of mucus is almost the same when y € [1.4, 2]
for all . Therefore most of the mucus moves at a constant velocity in the z-direction. Figure[10]
illustrates the velocity v of mucus. Since the velocity v of the mucus is affected by the bottom
boundary condition of the velocity v of the fluid in €y, the velocity v is negative and then the
velocity v of mucus is significantly more negative when = € [0.14, 1] for y < 1.4. The velocity v
of mucus fluctuates like a wave but the value does not vary much when y > 1.4 for all z.

The horizontal velocity of the fluid in €y (Figure [7) and the mucus velocity (Figure [9) are
averaged over the z—axis and plotted together in Figure[I1] Figure[TI]shows the average velocity
u of the fluid in ; and mucus, where the blue diamond and red square refer to the average
velocity u of mucus and the fluid in €2, respectively. The average velocity u begins to fluctuate
since y > ypcr and alternates like a vertical wave. The mean value of the average velocity
u is approximately 119 pum/s. Similarly, the average vertical velocity is illustrated in Figure
It shows that the average velocity v is negative and it has less negative when ¥ increases.
The velocities v and v in Figures [L1] and [12] are employed to find the speeds of the PCL fluid
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Figure 8: The velocity v of the fluid in 2
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Figure 9: The velocity u of mucus

in €7 and mucus, which are shown in Figure The red asterisk and the blue circle are the
speeds of the fluid in ; and mucus, respectively. The average speed of mucus is about 118
um/s (or about 7.1 mm/min). The curve of the speeds is similar to the average horizontal
velocity. It shows the movement of the fluid is possessed by the velocity in x-direction. Next,
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Figure 10: The velocity v of mucus

we compare the average speed of mucus with experimental data in [Yeates et al.| (1975)) in which
the mucociliary transport rate has been studied in 42 nonsmoker healthy adults between the
ages of 20 to 43 years. The range of the transport rate is 0.8 — 12.4 mm/min while our result is
about 7.1 mm/min. The result is close to the transport rate of men between the ages of 22 — 32
years and women between the ages of 22 — 30 years.

2 T T T T T
—a— The average velocity of the fluid in €
—&— The average velocity of mucus

1.4+

1.2+

0.8F

06 I I I I I I I
85 90 95 100 105 110 115 120 125

u

Figure 11: The average velocity u over the x—direction of the fluid in € and mucus
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Figure 12: The average velocity v over the x—direction of the fluid in ; and mucus
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Figure 13: The speeds of the fluid in £2; and mucus

We approximate the speeds of the fluid in ; and mucus by a polynomial approximation
degree 9. The coefficients of the ninth-order polynomial approximation of the speed are shown
in Table |2} where h is from y;;,(50°) to yasr,. That is h = 0.7660 to h = 2. Figure (14| displays
the polynomial approximation with the fluid speed in €2y and {29, where the green square, the
red asterisk and the blue circle refer to the polynomial approximation, the speed of the fluid in
7 and the speed of mucus, respectively. It shows that the polynomial approximation estimates
the speeds of the fluid in 7 and mucus well with the ls—norm error 0.0282.
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Table 2: The ninth-order polynomial functions: p(h) = c1h® + coh® + c3h” + c4h8 + csh® + cgh* +
c7h3 + cgh? + coh + c1g for the speeds of the fluid in ©; and mucus.

Coeflicient 10° x
c1 0.002271511545374
Co —0.029497677298672
c3 0.166716780614724
c4 —0.537680842522555
Ccs 1.089315989130731
C —1.436339487060982
cy 1.232011089245644
cs —0.663157249265035
cy 0.203717832820274
€10 —0.027239428286010

2 T T T
Polynomial approximation

—+—The speed of the fluid in

—o—The speed of mucus

1.8+

0.6 L L L L L L
90 95 100 105 110 115 120 125

speed

Figure 14: The polynomial approximation and the speeds of the fluid in €; and mucus

6 Conclusion

In this study, we find the velocity of the fluid in the free-fluid region, 21, and then calculate
the mucus velocity in 9. The fluid flows in both domains are affected by cilia movement. We
employ the two-dimensional Stokes equation and then apply the mixed finite element method to
the equation to calculate the velocities of the fluids in ; and 5. We first verify the numerical
result by averaging our two-dimensional numerical solution over x—axis and compare it with the
exact solution in the one-dimensional domain in the case of static solid phases. The numerical
result converges to the exact solution with the small l[s—norm error.

For the two-dimensional solution, we present the velocity of the PCL fluid in €y for the
angle # = 80° — 50° and the mucus velocity. We provide the velocities © and v of the fluid in
Q1 and then we use them to find the velocity of mucus. The velocities u and v of the fluid in
), and mucus are averaged over x—axis and plotted together in one graph. Next, we find the
speed of the average velocities of the fluid in both domains. The shape of the speed is similar
to the average velocity uw. This indicates that the velocity u has more impact on fluid motion
than the velocity v. The speed of the mucus is averaged and compared with the experimental
data. Our mucus velocity is about 118 um/s (or about 7.1 mm/min). This result is close to
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the experimental data of 22- to 32-year-old men and 22- to 30-year-old women (Yeates et al.,
1975)). The speeds of the fluid in €7 and mucus are approximated by a ninth-order polynomial
approximation, provided in Table 2. This work can be effectively applied to problems involving
fluid dynamics influenced by the self-movement of solid phases.
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