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Abstract. In this paper, a system of nonlinear second-order impulsive differential equations with nonlocal
boundary conditions is analyzed. The effect of nonlinearity in the boundary conditions is examined in the
analysis of nonlinear boundary value problems. The existence of solutions is established using the fixed-point
theorems of Schaefer and Krasnoselskii, while their uniqueness is established by means of Banach’s contraction
mapping principle. Additionally, problems involving two-point boundary conditions are highlighted as a very
interesting and important class of problems, with applications in fields such as population dynamics, blood flow
models, chemical engineering, and cellular systems. The analysis of such boundary value problems is essential for

accurately describing physical systems.
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1 Introduction and Problem Statement

The theory of impulsive differential equations is a fundamental branch of differential equations
that has a broad physical foundation. Impulsive differential equations frequently appear in the
modeling of various physical systems where the state undergoes sudden changes at specific
moments. Significant advancements have been made in impulsive theory, particularly in the
study of impulsive differential equations with fixed moments (see, for instance, the references
therein Benchohra et al. (2006), Samoilenko & Perestyuk(1995). The applications of impulsive
differential equations can be found in Liu & Willms (1996), Pasquero (2005). Some classical
methods have been used to study impulsive differential equations: variational methods Nieto
(2009), Tian & Ge (2010), Zhou & Li (2009), fixed point theorems Bai et al. (2016), Feng & Pang
(2009), Hao & Liu (2017), Wang & Feng (2017), Zhang et al. (2010), Zhang & Ge (2009). The
study of boundary value problems has become an important area of research over the years due
to their wide applications in fields such as fluid mechanics, mathematical physics, and others. In
the analysis of nonlinear boundary value problems, our main goal is to investigate the effect of
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nonlinearity on the solutions of the given problem. The existing literature on this topic covers
both theoretical developments and analytical and numerical approaches for solving boundary
value problems. Classical boundary conditions fail to account for certain peculiarities of physical,
chemical, and other processes occurring within the domain. For this reason, nonlocal conditions
have been developed. Nonlocal conditions relate the boundary values of the unknown function
to its values at certain interior points of the domain. In the natural sciences, there are certain
processes - such as blood flow, chemical engineering, population dynamics, thermoelasticity, and
others - whose mathematical models cannot be expressed using classical boundary conditions.
In such cases, nonlocal nonlinear boundary value problems are employed. In this direction,
the existence and uniqueness of solutions for impulsive and nonlocal boundary value problems
have been widely studied (see, for instance, the references therein Ashyralyev & Sharifov (2013),
Jiang et al. (2012), Gasimov et al. (2022), Li et al. (2018), Mardanov et al. (2019a,b); (2020);
(2014).

In this article, we will investigate the existence and uniqueness of the system of nonlinear
impulsive differential equations of the type

2" (t) = f(t,x(t)) for t#t;, i=1,2,...,p, t€[0,T] (1)

subject to two-point boundary conditions

A2’ (0) + B2’ (T) = Cy (2)
z(0) = Cq (3)

and impulsive
(7)) 2 () =L(x (), i=1,2...,p (4)

0:t0<t1<t2<"-<tp<tp+1:T,

where f : [0,7] x R® — R"™ and I; : R™ — R" are given functions, i = 1,2,...,p; A, B € R™*"
are given matrices and det (A 4+ B) # 0, Cq, Co € R™ are given vectors.

Az (t;) = ' () —a' (t:)

)

Y1) = 1

i
4>

/Z' / - :1' /i_ — /Z'
Ion+:v(t+h), o () hi%l+x(t h) = ' (t;)

are the right and left-hand limits of x () at ¢ = t;, respectively.

2 Preliminaries

In this part, we provide fundamental definitions and introductory concepts. By C ([0,T], R"),
we indicate the Banach space of all vector continuous functions x (¢) from [0, 7] into R™ with
the norm

]} = max {|z (t)] : ¢ € 0,77},

where |- | is the norm in the space R".
We examine the linear space

PC([0,T],R") ={z : [0,T] = R" : 2’ (t) € C ((t;;tis1] ,R™), i =0,1,...,p,
2 (t;7) and &' (t}) exist i=1,...,p and @' (¢;) =2’ (t;)}
PC ([0,T],R™) is a Banach space with the norm
lz|lpc = maX{Hx () Nty 1= 0,1, .. ,p} .

We provide an explanation for the solutions to problems (1) - (4 ) as follows.
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Definition 1. A function x € PC ([0,T],R") is said to be a solution of problems (1)- (4), if

2 (t) = f(t,2 (1))
foreacht #t;, i1=1,2,...,p,t €1[0,T], and for each

x’(t;r)—x'(ti):fi(x(ti)), 1=1,2,...,p, 0<t1<t2<~--<tp<T

and boundary conditions (2), (3) are satisfied.

Lemma 1. Let us assume that y € C([0,T] x R") and a; € R", i = 1,2,..
solution of the problem

2 t)=yl) t#t, i=1,2,....,p, t€[0,T]

x'(t*)—x'(ti):ai, 1=1,2,...,p, 0<t1<t2<"'<tp<T
Ax' (0) + B2’ (t) = Cy

x (0) = CQ
has a unique solution x € PC ([0,T] x R™) given by

T
:Mﬂ:C&+LA+BY4KH+t/KXmﬂyhﬁh—
0

—/Ty(T)dT—i-t Z K (ti,ty) ag
0

0<trp<T
fort e (ti,tix1],i=0,1,...,p, where

(A+B)'A, 0<T<t,

K(“):{ —(A+B)'B, t<7<T.

.,p. Then, the

Proof. Let’s assume that x (t) is a solution of the boundary value problem (5)-(8), integrating

equation (5) for t € (0,t;41], we obtain

— [x/ (tj) —q (tj)] + 2’ (t).

Applying this equation together with condition (6), it can be written as

(10)
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Using formula (9) and condition (7), we obtain

Ax' (0)+ B (m’(O)—i—/y(T)dT—i— Z aj) = (hq,
0

T
(A+B)x’(0):C1—B/y(T)dT—B > a
0

T
2 (0)=(A+B)"Cr— (A+ B) 1B/y Yir—(A+B)'B Y ap
0

0<tp<T

From formulas (9) and (10), it follows

T
Y (@) =(A+B) " Ch— (A+B)! B/y () dr—
0

~(A+B)'B Z ak+/y )dr + Z a;.

0<tr<T 0<t;<t

Then, we get

:v’(t):(A+B)101+/K(t,7-)y(7-)d7-+ > K (tit) ax

0<tp<T
Here
x(t) =z (0)+
t
+/(A+B 01+/KST Tydr+ Y K (tity)a )ds
0 0<t<T

=2(0)+(A+B)"'Cit + / (t—7)(A+B)" Ay () dr—
0

// (A+B) 'By(r)drds+t Y  K(ti,ty)a

0<tip<T

On the other hand if we consider the following equality

t T t T
//(A+B)_lBy(T)drds:/T(A+B) dT+t/ (A+ B)"' By(r) dr,
0 s 0 t

we obtain

xz(t) =z (0)+
+(A+B) e +/(t —7)(A+B) ' Ay (1) dr—
0
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t T
- [r@eB Byt [+ B Bymdr 4t Y K (e
0 t 0<tr<T
Using condition (3)
.%'(t) = Cy+
t t
+(A+B)1tC1+/(t—T)(A+B)1Ay(r)d /T(A+B) By (1) dr—
0 0

T
t/ (A+ B)~ Tydr+t Y K(tity)a
t

0<tp<T

From here

x (1) :C'2+(A+B)1t01+t/K(t,T)y(T)dT

/Ty ydr+t > K (tt) ar (12)
0

0<tp<t

for
te (ti,ti_;_l],i:(],l,...,p.

Lemma 1 has been proven.
O

Lemma 2. Assume that f € C ([0,T] x R™, R"™) and I () € C (R™). Then the function x (t) €
PC([0,T],R™) is a solution of the boundary-value problem (1)-(4) if and only if = (t) is a

solution of the impulsive integral equation

2 (t) = Cy + (A+ By 110, +t/K(t,T)f(T,x(T))dT—

—/ Tf(ra(n)dr+t Y K (i) I (z (t))
0

0<tr<T

for
t e (ti,tiJrl],’L':O,l,...,p.

Proof. Assume that the boundary value problems (1)-(4) have a solution z (¢). It is shown
that x (t) satisfies the impulsive integral equations (11) in a manner similar to Lemma 1. It is
demonstrated by direct proof that the solution to the impulsive integral equation (11) satisfies
both the nonlocal boundary condition (3) and equation (1). Confirmation of the satisfaction of
condition (2) is also simple.

Lemma 2 has been proven. O
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3 Existence of solution

According to Lemma 1, we convert the boundary value problem (1)-(4) into a fixed point problem
that is similar to it as follows:

T = ¢x. (13)

Let’s introduce the ¢ : R™ — R™ operator as follows

T
(¢2) () = C2 + (A + B) "' tey +t/K (t,7) f(m,2 (7)) dr—
0

—/Tf(T,x(T))dT—I—t ST K (tti) I (2 (1)) (14)
0

Lemma 3. (Krasnoselskii fized point theorem) Zhou € Li (2009) LetY be a nonempty,
convex, closed bounded subset of a Banach space 4 . Let ¢1, ¢o be the operators such that
()11 + day2 € Y whenever yi,y2 € Y;

(ii) ¢1 is compact and continuous;

(11i) ¢2 is a contraction mapping. Then there exists y3 € Y such that ys = ¢1y3 + P2ys.

Theorem 1. Let f : [0,T]x R™ — R™ be a continuous function such that the following conditions
hold:

(H1) |f (t,z) = f(ty) <z —yl, VE€[0,T], 1>0, zyeRY,
(H2) |Ii (x) = I (y)| < lile —y|, >0, i=12,....p, x,yeR"

(H3) There exists a function p € C ([0,T], R™) and a constant L such that max |I; ()| < L,
=1,...,p

il = I&}fgﬂﬂ(?ﬁ)’,

If(t2) < |lpll, ¥ (t,z)€0,T] x R"
If

p
TS 1;+1ST* < 1. (15)
=1

Then there exists at least one solution for problems (1)-(4).

Proof. Let’s consider the closed sphere B, = {z € PC ([0,T],R") : ||z|| < r}. Here,
T -1 2
r>[Col + |lul 7+H(A+B) T01H+ST +TSpL.

The operators ¢1 and ¢2 defined on the sphere B, will now be defined.

(é12) (t) = — / rf (r,2(7)) dr,
0

T
(¢poz) (t) = Co + (A+ B) 1Cy + t/K (t,7) f (1,2 (7)) dr+
0
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> K (i te) T (x (t)) -

0<trp<T
Show that ¢ = ¢1 + ¢2. For x,y € B,, then

t
|1z + oyl = |Cal + r{gf})}( —/Tf (ryz(7))dr + (A+ B)_1 tCh+
’ 0

T
+t/K(ta7')f(T7?/(T))dT+t > K (tinte) Ii(y () | <
0

0<trp<T
T2 —1 2
<|Cal + pll |+ [(4+ B) TGy |+ ST2 | + TSply <.

Therefore ¢1x+¢oy € By, which verifies the condition (i) in Lemma 3. Using the assumptions
(H1) and (H2), we obtain

P12 — doyl| <

T
< max t/K(t,T)f(T,x(T))dT+t > K (tity) I (x (t)) —
0

0,7
[ ’ ] 0<trp<T

T
t/KtT (r,y (1)) dr —t Z (tirte) Li (y (tr))| ¢ <
0 0<tr<T

T

< max /KtTHf (r,z (1)) — f(ryy (7)) dT+

0,71
0

S0 K (i t)] 1 (2 () — T (y (8)] ¢ <

0<tp<T

p
< ST (zmzu) e = yllpe-

i=1
We obtained »
g2z — oy < ST (lT +) li) |z =yl pc
i=1
which indicates that ¢9 is a contraction, in view of condition (14).

Later, we show that ¢ is continuous and compact. Observe that the continuity of f indicates
that the operator ¢ is continuous. Additionally, ¢ is uniformly bounded on B_ as

2
||¢1:C”Pc < ||M||?,
let t1,t9 € [0,T], t; < to. Then
to

|61 (t2) — $rz (1) = —/Tf (7.2 (7)) dr +

0

t1 to
+0/Tf(7,a:(7))d7 < /Tf(T,a:(T))dT — 0, to—t1.

This suggests that ¢ is relatively compact on B,. Finally, due to Lemma 2, the boundary
value issue (1) has at least one solution on [0, T7. O
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In this subsection, we discuss the existence of solutions for problems (1)-(4). Our first
existence result is based on the following Schaefer fixed point theorem Smart (1980).

Lemma 4. Assume that X is a Banach space. Assume that the collection
Y={xeD|z=AFz,0< <1}

1s bounded and that F' : D — D is a completely continuous operator. Then F has a fized point

m D.

Theorem 2. Let f : [0,T] x R"™ — R™ be a continuous function and satisfy the condition (H3).
Then problem (1)-(4) has at least one solution on [0,T].

Proof. In the first step, we show that the operator ¢ defined by (8) is completely continuous.
Note that the continuity of ¢ follows from the continuity of f. For a positive constant w, let
By, = {x € PC(]0,T],R") : ||z|| < w} be a bounded set in P. Then, for t € [0,T], it will be
shown that the operator ¢ maps bounded sets into bounded sets of P. For z € B,,, t € [0,T],
we have

|(px)|| < r[x&%( Cy+ (A+B) 'ty + t/K (t,7) f (1,2 (1)) dr—

- [t eyt 3K () L b)) <
0

0<tr<T

_ T2
S |C2| + ‘(A + B) 1 TCl‘ + ||/LH (ST2 + 2) + TSpL.
Next, we indicate that the operator ¢ maps bounded sets into equicontinuous sets of P. For
0<t1 <ty <T and x € B, we have.

t2

(¢2) (t2) — (¢2) (t1) = (A+ B) ™ C1(ta —t1) — /Tf (1,2 (7)) dr+

t1

to T

+t2/(A+B)_1 Af (T,w(T))dT—tg/(A+B)_1 Bf (r,z (7)) dr—
0 t
t T

—tl/(A+B)1 Af (T,x(T))dT+t1/(A+B)1 Bf (1,2 (1)) dr+
0 t1
(ta—t1) Y K (titi)li(z(tr) =
0<tp<T
=(A+ B)_l Cy(te —t1) — /Tf (1,2 (7)) dr+

+(t2—t1)/(A+B)_1Af (T,:r(T))dT+t2/(A+B)_1Af (.2 () dr+

0 t1

T t1
+(t2—tl)/(A+B)_1Bf(7-,:v(7-))dT+t1/(A+B)_1Bf(r,m(7))d7-+

t2
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(ta—t1) > K (tity) I (x (k).

0<trp<T

From here

gz (t2) — ¢z (t1)|| <

< |ta —t1] H(AJrB)101H+/H(A+B)1Af(r,x(r))H dr+

/H (A+B)"' Bf (1,2 ( HdTJF Z | K (s, tr) I (2 (tr)) || +

0<trp<T

to

—i—/THf(T,:U(T))HdT—i-|t2|/2"(A+B)_1Af(7,x(7))”dT+

t1 t1
2
+|t1\/H(A+B)1Bf(7,m(r))Hd7-—>0 as  (t2 — 1) = 0,
t1

Independent of x € B,,. Thus, by the Arzela-Ascoli theorem, the operator ¢ : B, — By, is
completely continuous.
Finally, we analyze the set

Y:{xePC([O,T],Rn) : ‘x:/\gbx, 0<)\<1}

and indicate that Y is bounded. Let z = Mgz, for some 0 < A < 1. Then, for any ¢ € (¢;,t;41],
1 =0,1,...,p, we can get

(1) = A CQ—I—(A+B)_1L‘C'1+t/K(t,T)f(7',x(7'))dT—

- [ri et YK 60 L (0)
0

0<tp<T

From here, we obtain
1 T2
]| < |Cal + ((A+B)— TCl‘ + 1yl (ST2 + 2) 4 TSpL.

This means that the set Y is bounded. We obtain that the function ¢ has a fixed point,
which is a solution to problem (1)-(4), as a consequence of the Schaefer fixed point theorem.
Theorem 2 is proven. O

4 Uniqueness of solution
Here we initiate the uniqueness of solutions for problem (1) by means of Banach’s contraction
mapping principle (Smart, [1980)

Theorem 3. (Banach fized point theorem). Suppose that f : [0,T] x R™ x R™ is a continuous
function satisfying the conditions (H1) and (H2). Then there exists a unique solution for problem

(1)-(4) on [0,T] if

u , T2
TSZliJrlST +5 <L
=1
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Proof. Let us fix I[](f)lz%c |f(t,0)| =M, I;(0) =a;

)

Co| + ‘(A+B)_1T01‘ M (ST2+ T;) —i—TSZp:lai

- p
T2
1— (TS}jliJrlST?Jrg)

=1

and indicate that ¢B,, C By, the where B,, = {z € PC : ||z|| < w}. For any = € B, t € [0,T].
We find that

[f (& @) = [f &z (t) = F(£0)+ F(£0)] <
<[fa @) = f @0+ [ #0)] <l (t)] + M < lw+ M,

and
[L; ()| = |L; () — 1; (0) + L; (0)] < i ] + a;

Then, we obtain

(@) <

< max

T
e o+ (A -+ B) 4y + 4 /0 K (t,7) f (7.2 (r)) d7—

_/Zf@,g; Dar+t S K (tati) I (2 ()| <
0

0<tp<T
T2 P
< |Col + ‘(A+ B)*chl‘ + (lw + M) <ST2 + 2) +T8 (Z (liw + ai)> < w.
i=1

This indicates that ¢B,, C B,,. Then we show that the operator ¢ is a contraction. For
x,y € P, we obtain

oz — gyl <

< max
t€[0,T]

T
t/ (K (t,7) f(r,z (1)) — f(r,y(7)))dr+
0

+/T(f(f,w(7))—f(7 £ (1)) dr+
0

> K (tnte) (L (x (te) — L (y (1)) | <

0<tp<t

T2 P
<TSl|z -yl + 5 |z —y| + SpZ;li |z —y| =

T2 P
= TSZ+7Z+SleZ~ <1

=1

Which, due to the presumption (H2), indicate that the operator ¢ is a contraction. Thus,
by Banach’s contraction mapping principle, we identify that operator ¢ has a fixed point, this

corresponds to a single solution for problem (1)-(4) defined on [0, 7.
O

719



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.10, N.3, 2025

5 Conclusion

The article investigates the existence and uniqueness of the solution to a boundary value problem
involving a second-order differential equation with two-point boundary conditions. It should be
noted that the scheme presented in the paper can also be applied to more general boundary
value problems. For example, the following nonlocal boundary value problem for equation (1)
can also be considered.

" (t)=f(tx(t), tel0,T]

Az’ (0) + B2’ (t) = «
T

f m (t)x (t) dt = 3
Here, A,B € R”X” are given matrices and , det (A + B) # 0; o, f € R™ are given vectors,
()ER”X”anddetfm # 0.
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