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Abstract. Many mathematicians are often interested in establishing the existence and uniqueness of solutions, as

well as finding exact or approximate solutions, for various classes of integral and differential equations, including

their fractional variants with initial or boundary conditions. Fixed point theorems serve as useful and powerful

tools for addressing such problems. In this paper, the notion of a strongly sequential S-metric space is first

introduced as a new generalization of Sb-metric spaces and SJS-metric spaces. Several fixed point results for

S-JS-Hardy-Rogers-type contractions and other types of contractions are obtained. To confirm the validity of

these results, an illustrative application is provided, demonstrating the existence and uniqueness of a solution for

a second-order boundary value differential equation, which arises in many engineering applications.

Keywords: fixed point, S-metric space, sequential S-metric space, strongly sequential S-metric space, pointwise

contractive self-mappings, differential equation.

AMS Subject Classification: 47H10, 54H25.
∗Corresponding authors: Seyed Jalaleddin Hosseini Ghoncheh, Department of Mathematics, Takestan Branch,

Islamic Azad University, Takestan, Iran, Tel.: +989125824896, e-mail: sjhghoncheh@gmail.com

Vahid Parvaneh, Department of Mathematics, Gilan-E-Gharb Branch, Islamic Azad University, Gilan-E-Gharb,

Iran, Tel.: +989186875070, e-mail: zam.dalahoo@gmail.com

Received: 8 October 2024; Revised: 26 February 2025; Accepted: 13 March 2025; Published: 4 August 2025.

1 Introduction

Since boundary value differential equations of the second order describe a wide range of phe-
nomena pertaining to physical systems that vary with respect to time and space, they are crucial
in many branches of science and engineering. In fact, when a system is controlled by a process
that depends on two variables (such as position and time) and when the behavior of the system
is affected by particular conditions at the boundaries, second-order boundary value problems
occur. These equations are essential to both theoretical and applied sciences since they apply to
a wide range of systems, including mechanical system vibrations, electrical circuits, etc. These
are a few of their main uses as follows:

a. Mechanical System Vibrations: Second-order differential equations are frequently used
to represent the motion of a spring-mass-damper system. Boundary conditions, such as the
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system’s fixed or free ends, might affect how the system behaves. For more details we refer the
reader to Singiresu (1995).

b. Circuits and Systems in Electrical Engineering: Second-order linear differential equations
are frequently used in electrical circuits to describe the behavior of an RLC (Resistor, Inductor,
Capacitor) circuit, particularly its voltage and current. The particular behavior of the circuit
over time is determined in part by boundary conditions, such as initial voltages or currents. For
more details on RLC circuits we refer the reader to Nilsson et al. (2010).

Fixed-point theorems are essential techniques for proving the existence and uniqueness of
solutions to a variety of mathematical problems, including integral and differential equations
and their fractional variants. Metric spaces have been generalized and expressed in various
ways by numerous authors in recent years. Double-controlled metric spaces (Abdeljawad et
al., 2018), rectangular metric spaces (Branciari (2000)), b-metric-like spaces (Hussain et al.,
2014), extended b-metric spaces (Kamran et al., 2017), JS-metric spaces (Jleli & Samet, 2015),
controlled graphical metric-type spaces (Younis & Bahuguna, 2023), graphical extended b-metric
spaces (Mudasir et al., 2022), and so forth are examples of the various types of extended metric
spaces.

Sedghi et al. (2012) introduced the idea of S-metric spaces in 2012. There are many gener-
alizations of the S-metric concept. The notion of Sb-metric space, which is a generalization of
S-metric spaces was then presented by Souayah & Mlaiki (2016).

Qaralleh et al. (2023) talked about an extended S-metric space of type (α, β). They did
this by using two functions instead of a constant in the second condition of the definition of an
S-metric space. In Adewale & Iluno (2022), the notion of rectangular S-metric space, which
extends rectangular metric spaces, has been introduced by Adewale and Iluno.

A generalization of S-metric spaces known as SJS-metric spaces was recently presented by
Beg et al. (2021); nevertheless, it does not meet the symmetry property and triangle inequality.
Note that JS-metric spaces are a class of abstract metric spaces that were introduced in 2015.
They are larger than many known classes of extended metric spaces. Accordingly, JS-metric
spaces include any standard metric space, b-metric space and dislocated metric space (see Jleli
& Samet (2015)). In Karami et al. (2021), the notion of sequential Sp-metric spaces has been
introduced as a generalization of usual S-metric spaces, Sb-metric spaces, SJS metric spaces,
and specially of Sp-metric spaces Mustafa et al. (2019).

This study aims to provide the structure of strongly sequential S-metric spaces, a novel form
of generalized metric spaces. Additionally, we establish some fixed point theorems for mappings
that are JS-contractive in a strongly sequential S-metric space.

Before starting the main discussion, we recall some necessary definitions and results.

Definition 1. (Bakhtin, 1989). Let s ≥ 1 and L be a nonempty set. The function B : L×L→
[0,+∞) is said to be a b-metric on L if,

1. B(, ι) = 0 ⇔  = ι ∀, ι,∈ L,

2. B(, ι) = B(ι, ) ∀, ι ∈ L
3. B(, ι) ≤ s

(
B(, `) + B(`, ι)

)
∀, ι, ` ∈ L.

The pair (L,B) is called a b-metric space.

Definition 2. (Sedghi et al., 2012). Let L be a nonempty set. An S-metric on L is a function
S : L× L× L→ [0,∞) provided that,

(1) S(, ι, `) = 0 ⇔  = ι = ` ∀, ι, ` ∈ L,

(2) S(, ι, `) ≤ S(, , a) + S(ι, ι, a) + S(`, `, a), ∀, ι, `, a ∈ L.

The pair (L, S) is called an S-metric space.
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Definition 3. (Souayah & Mlaiki, 2016). Let L be a nonempty set and b ≥ 1 be a given real
number. Suppose that a mapping Sb : L× L× L→ [0,∞) satisfies,

(1) Sb(, ι, `) = 0 ⇔  = ι = ` for each , ι, ` ∈ L,

(2) Sb(, ι, `) ≤ b(Sb(, , a) + Sb(ι, ι, a) + Sb(`, `, a)), ∀, ι, `, a ∈ L.

Then Sb is called an Sb-metric and the pair (L, Sb) is called an Sb-metric space.

Let L be a non-empty set and ρg : L × L → [0,∞] be a mapping. For any κ ∈ L, let us
define the set

C(ρg, L, κ) = {{κn} ⊂ L : lim
n→∞

ρg(κn, κ) = 0}. (1)

A generalised metric space was introduced by Jleli & Samet (2015) as an interesting extension
of the concept of metric space.

Definition 4. (Jleli & Samet, 2015). Consider a mapping ρg : L × L → [0,∞] that meets the
following:

1. ρg(, ι) = 0 suggests that  = ι,
2. ρg(, ι) = ρg(ι, ) for each , ι ∈ L,
3. for some p > 0, ρg(, ι) ≤ p lim sup

n→∞
ρg(n, ι), if (, ι) ∈ L× L and {n} ∈ C(ρg, L, ).

A JS-metric space is defined as the pair (L, ρg).

Remark 1. (Beg et al., 2021). Rectangular metric spaces might not be JS-metric spaces; for
further details, see Example 2.2. of Beg et al. (2021). It should be noted that any metric space,
b-metric space, and Hitzler-Seda (dislocated) metric space are special examples of JS-metric
spaces.

Definition 5. (Gajić & Ralević, 2018). Let D : L × L → [0,∞] be a mapping that meets the
following:

1. D(, ι) = 0 suggests that  = ι,
2. D(, ι) = D(ι, ) for all points , ι ∈ L,
3. there is a p > 0 so that for every , ι ∈ L, {n} ∈ C(D, L, ) and {ιn} ∈ C(D, L, ι),

D(, ι) ≤ p lim sup
n→∞

D(n, ιn).

(L,D) is referred to as a strong JS-metric space thereafter.

Let L be a non-empty set and J : L × L × L → [0,∞] be a function. For any  ∈ L, let us
define the set

C(J, L, ) = {{n} ⊂ L : lim
n→∞

J(, , n) = 0}. (2)

SJS-metric spaces are a generalization of S-metric spaces, as proposed by Beg et al. (2021).

Definition 6. (Beg et al., 2021). Consider a mapping J : L × L × L → [0,∞] that meets the
following:

1. J(, ι, `) = 0 suggests that  = ι = `;
2. for any (, ι, `) ∈ L× L× L and {n} ∈ C(J, L, ), there exists some K > 0 such that

J(, ι, `) ≤ K lim sup
n→∞

(
J(ι, ι, n) + J(`, `, n)

)
.

The pair (L, J) is called an SJS-metric space.

In the framework of Branciari (rectangular) metric spaces, (Jleli & Samet (2014)) introduced
a new generalisation of the Banach fixed point theorem.
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Definition 7. Jleli & Samet (2014). The set of all functions ℘ : (0,∞) → (1,∞) meeting the
following statements is denoted as Φ.

(℘1) ℘ is increasing;

(℘2) for any sequence {σν} ⊆ (0,∞)

lim
ν→∞

℘(σν) = 1⇔ lim
ν→∞

σν = 0;

(℘3) there exists α ∈ (0, 1) and τ ∈ (0,∞] such that

lim
u→0+

℘(u)− 1

uα
= τ.

Theorem 1. Jleli & Samet (2014). Let (L, d) be a metric space. Let a mapping ∆ : L→ L be
given.

If ℘ ∈ Φ and µ ∈ (0, 1) exist such that,

d(∆,∆ι) 6= 0⇒ ℘(d(∆,∆ι)) ≤ (℘(d(, ι))µ, (3)

for every , ι ∈ L, then ∆ possesses a unique fixed point.

2 Strongly sequential S-metric spaces

We present the notion of strongly sequential S-metric spaces in this section. We first define,

ð(S,L, ) :=
{
{n} ⊂ L : lim

n→∞
S(, , n) = 0

}
,

where S : L× L× L→ [0,+∞) is a given mapping.

Definition 8. Let L be a non-empty set. A mapping S : L × L × L → [0,+∞) is said to be a
strongly sequential S-metric (SSSM) if ∀, ι, ` ∈ L:

(a) S(, ι, `) = 0 implies  = ι = `;

(b) there is a C > 0 such that ∀, ι, ` ∈ L, {n} ∈ ð(S,L, ), {ιn} ∈ ð(S,L, ι) and {`n} ∈
ð(S,L, `),

S(, ι, `) ≤ C
(

lim sup
n→∞

S(n, n, ιn) + lim sup
n→∞

S(n, n, `n)
)
.

The combination (L, S) is an SSSM space, and S is referred to as a SSSM.

Furthermore, we refer to it as a symmetric SSSM space ⇔ S(, , ι) = S(ι, ι, ), ∀, ι ∈ L.

Remark 2. Every symmetry SJS-metric space is a SSSM space since sequences {ιn} = ι and
{`n} = `, (n ∈ N), S-converge to ι and `, respectively.

It is noteworthy that there are many classes of SSSM spaces. SSSM spaces include, for
instance, every S-metric space, every Sb-metric space, every dislocated Sb-metric space, and
every symmetry SJS-metric space.

Definition 9. Let (L, S) be a SSSM space and {n} be a sequence in (L, S) and a ∈ L.
(i) If {n} ∈ ð(S,L, ), then {n} is convergent and converges to .

(ii) If lim
n,m→∞

S(n, n, m) = 0, then {n} is considered as a Cauchy sequence.

(iii) If each Cauchy sequence in (L, S) is a convergent sequence, then (L, S) is considered as
a complete SSSM space.
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Example 1. Let L = R and S(, ι, `) = | − ι| + | − `|, ∀, ι, ` ∈ L. Obviously, S(, ι, `) = 0
implies that | − ι| + | − `| = 0 which gives us  = ι = `. Subsequently, the Definition 8’s first
requirement is met. Furthermore, S symmetry requirement is satisfied, since we have

S(, , ι) = |− ι| = S(ι, ι, ).

Let , ι, ` ∈ L and {n}, {ιn} and {`n} are convergent sequences in L such that

lim
n→∞

S(, , n) = 0, lim
n→∞

S(ι, ι, ιn) = 0 and lim
n→∞

S(`, `, `n) = 0,

respectively. So,
lim sup
n→∞

n = , lim sup
n→∞

ιn = ι and lim sup
n→∞

`n = `.

Then we have

S(, ι, `) = |− ι|+ |− `|
≤ |− n + n − ιn + ιn − ι|+ |− n + n − `n + `n − `|.

So,

S(, ι, `) = |− ι|+ |− `| ≤ lim sup
n→∞

S(n, n, ιn) + lim sup
n→∞

S(n, n, `n).

After then, the presumptions of Definition 8 are all met. As a result, S is a symmetric SSSM
spacewith C = 1.

Obviously, the expected triangle inequality in an S-metric space is not true in this example.
Also, this space cannot be an Sb metric space and an Sb-metric-like space.

Example 2. Let L = [0,∞) and S(, ι, `) =
√
|− ι|3 + 3

√
|− `|2, ∀, ι, ` ∈ L. Evidently,

S(, ι, `) = 0 implies that
√
|− ι| + 3

√
|− `| = 0 which gives us  = ι = `. Subsequently, the

Definition 8’s first requirement is met.
Let , ι, ` ∈ L and {n}, {ιn} and {`n} are convergent sequences in L such that

lim
n→∞

S(, , n) = 0, lim
n→∞

S(ι, ι, ιn) = 0 and lim
n→∞

S(`, `, `n) = 0,

respectively. So,
lim sup
n→∞

n = , lim sup
n→∞

ιn = ι and lim sup
n→∞

`n = `.

Now, we have

S(, ι, `) =
√
|− ι|3 + 3

√
|− `|2

≤
√
|− n + n − ιn + ιn − ι|3 + 3

√
|− n + n − `n + `n − `|2

≤
√

4|− n|3 + 16|n − ιn|3 + 16|ιn − ι|3 + 3
√

2|− n|2 + 4|n − `n|2 + 4|`n − `|2

≤
√

4|− n|3 +
√

16|n − ιn|3 +
√

16|ιn − ι|3 + 3
√

2|− n|2 + 3
√

4|n − `n|2 + 3
√

4|`n − `|2.

Therefore,

S(, ι, `) =
√
|− ι|3 + 3

√
|− `|2

≤ 4 lim sup
n→∞

(S(n, n, ιn) + S(n, n, `n)).

After then, Definition 8’s presumptions are all met. As a result, although S is not a usual
S-metric, it is a SSSM with C = 4.

We now provide some instances of S-metric spaces that are strongly sequential.

320



B. EKHVEH et al.: FIXED POINT THEOREMS IN STRONGLY SEQUENTIAL...

Proposition 1. If (L, S) be an S-metric space, then S is also an SSSM on L.

Proof. Let (L, S) be an S-metric space. We only demonstrate that S meets the condition (b) of
Definition 8.

Let , ι, ` ∈ L, {n} → , {ιn} → ι and {`n} → `. Using triangle inequality

S(, ι, `) ≤ S(, , n) + S(ι, ι, n) + S(`, `, n)

≤ S(, , n) +
(
2S(ι, ι, ιn) + S(n, n, ιn)

)
+
(
2S(`, `, `n) + S(n, n, `n)

)
,

for all natural number n. So, we have

S(, ι, `) ≤ lim sup
n→∞

S(n, n, ιn) + lim sup
n→∞

S(n, n, `n).

So, condition (b) of Definition 8 is satisfied with C = 1.

Proposition 2. If (L, S) be an Sb-metric space, then Sb is also an SSSM on L.

Proof. Let (L, S) be an Sb-metric space with parameter D. We just show that Sb satisfies the
condition (b) of Definition 8.

Let , ι, ` ∈ L, {n} → , {ιn} → ι and {`n} → `. By using triangle inequality

S(, ι, `) ≤ D
(
S(, , n) + S(ι, ι, n) + S(`, `, n)

)
≤ D

(
S(, , n) +D

(
2S(ι, ι, ιn) + S(n, n, ιn)

)
+D

(
2S(`, `, `n) + S(n, n, `n)

))
,

∀ natural number n. Thus, one has

S(, ι, `) ≤ D2
(

lim sup
n→∞

S(n, n, ιn) + lim sup
n→∞

S(n, n, `n)
)
.

So, condition (b) of Definition 8 is satisfied with D2 = C.

Proposition 3. If (L,D) be a strong JS-metric space with parameter p, then there exists an S
which is an SSSM on L.

Proof. We define S(, ι, `) = D(, ι) + D(, `). Let , ι, ` ∈ L, {n} → , {ιn} → ι and {`n} → `.
By Definition 5, we know that

D(, ι) ≤ p lim sup
n→∞

D(n, ιn) (4)

and

D(, `) ≤ p lim sup
n→∞

D(n, `n). (5)

From (4) and (5), we have

D(, ι) +D(, `) ≤ p
(

lim sup
n→∞

D(n, ιn) + lim sup
n→∞

D(n, `n)
)

≤ p
(

lim sup
n→∞

S(n, n, ιn) + lim sup
n→∞

S(n, n, `n)
)
.

So, condition (b) of Definition 8 is satisfied with p = C and the proof is finished.

Remark 3. It should be noted that (L, σ) is a strong JS-metric on L if it is a b-metric-like
space. In light of Proposition 3, it follows that S(, ι, `) = σ(, ι) + σ(, `) is likewise an SSSM
on L.
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The following examples are based on (Hussain et al. (2014)) (Example 11) and Proposition
3.

Example 3. Let L = R and S : L× L× L→ [0,+∞) be defined by

S(, ι, `) = (2 + ι2)p + (2 + `2)p,

S(, ι, `) = (||+ |ι|+ a)p + (||+ |`|+ a)p,

S(, ι, `) = (|− b|+ |ι− b|)p + (|− b|+ |`− b|)p.

Then they are SSSM on L with C = 22(p−1), where p > 1, a ≥ 0 and b ∈ L.

Proposition 4. Let (L, S) be an SSSM space and {n} be a sequence in L with limn→∞ S(n, n, n) =
0 so that {n} ∈ ð(S,L, ). Then S(, , ) = 0.

Proof. From the condition (b) of Definition 8 we have,

S(, , ) ≤ C lim sup
n→∞

2 S(n, n, n),

which implies that S(, , ) = 0.

Remark 4. Let (L, S) be an SSSM space and {n} be a Cauchy sequence in L so that {n} ∈
ð(S,L, ). Then S(, , ) = 0.

Proposition 5. Any sequence {n} satisfying limn→∞ S(n, n, n) = 0 in an SSSM space (L, S)
can converge to at most one point.

Proof. Let {n} ∈ ð(S,L, ) ∪ ð(S,L, ι) where , ι ∈ L. Then we have

S(, , ι) ≤ C lim sup
n→∞

2S(n, n, n),

which implies that S(, , ι) = 0, that is,  = ι.

Remark 5. In the complete SSSM space (L, S), a Cauchy sequence can converge to a maximum
of one point.

Proposition 6. In an SSSM space (L, S), if a self-mapping ∆ is continuous at  ∈ L, then
{∆n} ∈ ð(S,L,∆) for any sequence {n} ∈ ð(S,L, ).

Proof. Since ∆ is continuous at , then for any ε > 0 there is δε > 0 so that S(`, `, ) < δε implies
S(∆`,∆`,∆) < ε. As {n} converges to , so for δε > 0 there is N ∈ N so that S(, , n) < δε,
∀n ≥ N . Therefore, for any n ≥ N , S(∆,∆,∆n) < ε and thus ∆n → ∆ as n→∞.

Now, we define the topology on SSSM spaces.
Let (L, S) be an SSSM space. Define,

B(, η) :=
{
ξ ∈ L : S(, , ξ) < S(, , ) + η

}
and

B[, η] :=
{
ξ ∈ L : S(, , ξ) ≤ S(, , ) + η

}
∀  ∈ L and η > 0.

Remark 6. It can be easily checked that the collection

τS := {∅} ∪ {V( 6= ∅) ⊂ L : for any  ∈ V, there is η > 0 so that B(, η) ⊂ V}

forms a topology on L.
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3 Main results

3.1 Some fixed point theorems in an SSSM space

We further limit the requirements on the control function ℘ in this section. The set of functions
℘ : [0,∞)→ [1,∞) is indicated for this by the symbol Θ where

(℘1) ℘ is continuous and increasing,

(℘2) for any sequence {σν} ⊆ (0,∞)

lim
ν→∞

℘(σν) = 1⇔ lim
ν→∞

σν = 0.

Definition 10. Let (L, S) be a complete SSSM space with parameter C ≥ 1. A mapping
∆ : L→ L is called an S-JS-Hardy-Rogers type contraction if

℘(S(∆κ,∆,∆ι)) ≤(℘(S(κ, , ι)))α(℘(S(κ, κ,∆κ)))β(℘(S(, ,∆)))γ(℘(
S(ι, ι,∆ι)

C
))%

(℘(
S(κ, κ,∆) + S(, ,∆ι) + S(ι, ι,∆κ)

3
))ω (6)

∀ κ, , ι ∈ L and for some α, β, γ, %, ω ≥ 0 with α+ β + γ + %+ ω < 1 where ℘ ∈ Θ.

Theorem 2. Let (L, S) be a complete SSSM space and ∆ : L→ L be a mapping such that:

(i) ∆ is an S-JS-Hardy-Rogers type contraction,

(ii) there is 0 ∈ L so that

δ(S,∆, 0) := sup
{
S
(
∆i0,∆

i0,∆
j0
)

: i, j = 1, 2, · · ·
}
<∞.

This suggests that L contains at least one fixed point for ∆. Furthermore, if (L, S) is symmetry
and for all fixed point  of ∆ in L one has S(, , ) = 0, then the fixed point is unique.

Proof. We define δ(S,∆p+1, 0) := sup
{
S
(
∆p+i0,∆

p+i0,∆
p+j0

)
: i, j = 1, 2, · · ·

}
, for all p ≥

1. Clearly, δ(S,∆p+1, 0) ≤ δ(S,∆, 0) <∞ for all p ≥ 1.

Then ∀p ≥ 1 and ∀i, j = 1, 2, · · · ,

℘(S(∆p+i0,∆
p+i0,∆

p+j0))

≤ (℘(S(∆p−1+i0,∆
p−1+i0,∆

p−1+j0)))α(℘(S(∆p−1+i0,∆
p−1+i0,∆

p+i0)))β

(℘(S(∆p−1+i0,∆
p−1+i0,∆

p+i0)))γ(℘(
S(∆p−1+j0,∆

p−1+j0,∆
p+j0)

C
))%

(℘(
S(∆p−1+i0,∆

p−1+i0,∆
p+i0) + S(∆p−1+i0,∆

p−1+i0,∆
p+j0) + S(∆p−1+j0,∆

p−1+j0,∆
p+i0)

3
))ω

≤ (℘(δ(S,∆p, 0)))η,

where η = α+ β + γ + %+ ω. This implies that, ∀ p ≥ 1,

℘
(
δ(S,∆p+1, 0)

)
= ℘

(
sup
i,j≥1

S(∆p+i0,∆
p+i0,∆

p+j0)

)
≤
(
℘(δ(S,∆p, 0))

)η
≤
(
℘(δ(S,∆p−1, 0))

)η2

...

≤
(
℘(δ(S,∆, 0))

)ηp
.
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Let i = ∆i−1 = ∆i0, ∀i ∈ N. For all m > n ≥ 1 we have,

℘
(
S(n, n, m)

)
= ℘

(
S(∆n0,∆

n0,∆
m0)

)
= ℘

(
S(∆n−1+10,∆

n−1+10,∆
n−1+(m−n+1)0)

)
≤ ℘

(
δ(S,∆n, 0)

)
≤ ℘

(
δ(S,∆, 0)

)ηn−1

−→ 1 (as n→∞).

Therefore, {n} is a Cauchy sequence in L. From the completeness of L, {n} is convergent. Let
lim
n→∞

n =  ∈ L.

On the other hand, using condition (b) of Definition 8 and the continuity assumption of ∆,
we have

S(, ,∆) ≤ C
(

lim sup
n→∞

S(n, n, n+1)
)

= 0.

Hence, we have ∆ = , i.e.,  ∈ L is a fixed point of ∆.
In the case that we have not the continuity assumption of ∆ we should use the contractive

condition 6 and Definition 8 as follows:

℘
(
S(n+1, n+1,∆)

)
= ℘

(
S(∆n,∆n,∆)

)
≤ (℘(S(n, n, )))

α(℘(S(n, n,∆n)))β+γ(℘(
S(, ,∆)

C
))%

(℘(
2S(n, n,∆) + S(, ,∆n)

3
))ω.

Taking the limsup and using Definition 8 in the above we obtain that:

lim sup
n→∞

℘
(
S(n+1, n+1,∆)

)
= lim sup

n→∞
℘
(
S(∆n,∆n,∆)

)
≤ lim sup

n→∞

[
(℘(

S(, ,∆)

C
))%(℘(

2S(n, n,∆) + S(, ,∆n)

3
))ω
]
.

Consequently, we obtain that

℘

(
lim sup
n→∞

S(n+1, n+1,∆)

)

≤
[
(℘(

S(, ,∆)

C
))%(℘(

lim sup
n→∞

2S(n, n,∆) + lim sup
n→∞

S(, ,∆n)

3
))ω
]

which further implies that

℘

(
lim sup
n→∞

S(n+1, n+1,∆)

)
≤ (℘(

S(, ,∆)

C
))

%
1−ω .

On the other hand,

S(, ,∆) ≤ C
(

lim sup
n→∞

S(n, n,∆)
)
.

Therefore,

1 ≤ ℘(
S(, ,∆)

C
) ≤ ℘

(
(lim sup
n→∞

S(n, n,∆))
)
≤ (℘(

S(, ,∆)

C
))

%
1−ω
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which is impossible unless that S(,,∆)
C = 0. Hence  = ∆.

Now, if  and ι be two fixed points of ∆ in L with S(, , ) = 0 and S(ι, ι, ι) = 0, then

℘(S(, , ι)) = ℘(S(∆,∆,∆ι))

≤ (℘(S(, , ι)))α(℘(S(, ,∆)))β+γ(℘(
S(ι, ι,∆ι)

C
))%

(℘(
S(, ,∆) + S(, ,∆ι) + S(ι, ι,∆)

3
))ω

≤ ℘(S(, , ι)))α+ω,

where α+ ω < 1. This implies that S(, , ι) = 0. Hence,  = ι.

When we use ω = 0 in Theorem 2, we have a contraction of the Reich type, which leads to
the following outcome.

Corollary 1. Let (L, S) be a complete SSSM space and ∆ : L→ L be a mapping such that:
(i) ∆ is an S-JS-Reich type contraction, that is,

℘(S(∆κ,∆,∆ι)) ≤ (℘(S(κ, , ι)))α(℘(S(κ, κ,∆κ)))β(℘(S(, ,∆)))γ(℘(
S(ι, ι,∆ι)

C
))%,

∀ κ, , ι ∈ L and for some α, β, γ, % ≥ 0 with α+ β + γ + % < 1 where ℘ ∈ Θ.
(ii) there is 0 ∈ L so that

δ(S,∆, 0) := sup
{
S
(
∆i0,∆

i0,∆
j0
)

: i, j = 1, 2, · · ·
}
<∞.

In L, then ∆ has at least one fixed point. Furthermore, if (L, S) is symmetry and for all
fixed point  of ∆ in L one has S(, , ) = 0, then the fixed point is unique.

Remark 7. Assuming α = 0 in Corollary 1, the Kannan fixed point theorem is expanded.

Considering β = γ = % = ω = 0 as an exceptional instance of Theorem 2, we arrive at the
subsequent outcome.

Corollary 2. Let (L, S) be a complete SSSM space and ∆ : L→ L be a mapping such that:
(i) ∆ is an S-JS-contraction, that is,

℘(S(∆κ,∆,∆ι)) ≤ (℘(S(κ, , ι)))α,∀κ, , ι ∈ L,

and for some α ∈ (0, 1),
(ii) there is 0 ∈ L so that

δ(S,∆, 0) := sup
{
S
(
∆i0,∆

i0,∆
j0
)

: i, j = 1, 2, · · ·
}
<∞.

In L, then ∆ has at least one fixed point. Furthermore, if (L, S) is symmetry and for all fixed
point  of ∆ in L one has S(, , ) = 0, then the fixed point is unique.

Utilizing α = β = γ = % = 0 in Theorem 2, we may derive a generalization of Chatterjea
fixed point theorem.

Corollary 3. Let (L, S) be a complete SSSM space and ∆ : L→ L be a mapping such that:
(i) ∆ is an S-JS-Chatterjea type contraction, that is,

℘(S(∆κ,∆,∆ι)) ≤ (℘(
S(κ, κ,∆) + S(, ,∆ι) + S(ι, ι,∆κ)

3
))ω,

∀ κ, , ι ∈ L and for some ω ∈ (0, 1),
(ii) there is 0 ∈ L so that

δ(S,∆, 0) := sup
{
S
(
∆i0,∆

i0,∆
j0
)

: i, j = 1, 2, · · ·
}
<∞.

Then ∆ has at least one fixed point in L. In addition, if (L, S) is symmetry and for all fixed
point  of ∆ in L one has S(, , ) = 0, then the fixed point is unique.
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Setting ℘(t) = et in Theorem 2, we have

Corollary 4. Let (L, S) be a complete SSSM space and ∆ : L→ L be a mapping such that:

(i) ∆ is an S-Hardy-Rogers type contraction, that is,

S(∆κ,∆,∆ι) ≤α S(κ, , ι) + β S(κ, κ,∆κ) + γ S(, ,∆) + %
S(ι, ι,∆ι)

C

+ ω
(S(κ, κ,∆) + S(, ,∆ι) + S(ι, ι,∆κ)

3

)
, ∀κ, , ι ∈ L,

and for some α, β, γ, %, ω ≥ 0 with α+ β + γ + %+ ω < 1,

(ii) there is 0 ∈ L so that

δ(S,∆, 0) := sup
{
S
(
∆i0,∆

i0,∆
j0
)

: i, j = 1, 2, · · ·
}
<∞.

In L, there is at least one fixed point for ∆. Furthermore, if (L, S) is symmetry and for all
fixed point  of ∆ in L one has S(, , ) = 0, then the fixed point is unique.

Setting ℘(t) = e
√
t in Theorem 2, we have

Corollary 5. Let (L, S) be a complete SSSM space and ∆ : L→ L be a mapping such that:

(i)

√
S(∆κ,∆,∆ι) ≤α

√
S(κ, , ι) + β

√
S(κ, κ,∆κ) + γ

√
S(, ,∆) + %

√
S(ι, ι,∆ι)

C

+ ω

√
S(κ, κ,∆) + S(, ,∆ι) + S(ι, ι,∆κ)

3
, ∀κ, , ι ∈ L,

and for some α, β, γ, %, ω ≥ 0 with α+ β + γ + %+ ω < 1.

(ii) there is 0 ∈ L so that

δ(S,∆, 0) := sup
{
S
(
∆i0,∆

i0,∆
j0
)

: i, j = 1, 2, · · ·
}
<∞.

In L, then ∆ has at least one fixed point. Furthermore, if (L, S) is symmetry and for all fixed
point  of ∆ in L one has S(, , ) = 0, then the fixed point is unique.

Example 4. Consider L = [0,∞) and S(, ι, `) = (|− ι|+ |ι− `|)2, ∀, ι, ` ∈ L. Then S forms
an SSSM on L. Let a, b, c ∈ L and the sequences {n}, {ιn} and {`n} be such that

n =
na+ 1

n
, ιn =

n2b+ 1

n2
and `n =

n3c+ 1

n3
.

It is easy to see that

lim
n→∞

S(a, a,
na+ 1

n
) = 0, lim

n→∞
S(b, b,

n2b+ 1

n2
) = 0 and lim

n→∞
S(c, c,

n3c+ 1

n3
) = 0.

Therefore, for every a, b, c ∈ L there exists sequences

n =
na+ 1

n
, ιn =

n2b+ 1

n2
and `n =

n3c+ 1

n3

such that ð(S,L, a) 6= ∅, ð(S,L, b) 6= ∅ and ð(S,L, c) 6= ∅, respectively.
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Define ∆ : L → L by ∆ = 1
4( − tan−1 ) ∀  ∈ L. Then ∆ satisfies all the conditions of

Corollary 2 for α = 1
2 , ℘(t) = cosh t and clearly, ∆ has a unique fixed point 0 ∈ L, because

℘(S(∆κ,∆,∆ι))

= cosh
1

16
(|κ− tan−1 κ− + tan−1 |+ |− tan−1 − ι+ tan−1 ι|)2

≤ cosh
1

16
(|κ− |+ | tan−1 κ− tan−1 |+ |− ι|+ | tan−1 − tan−1 ι|)2

≤ cosh
1

16
(2|κ− |+ 2|− ι|)2

= cosh
1

4
(|κ− |+ |− ι|)2

≤ cosh
1

2
(|κ− |+ |− ι|)2

≤
(

cosh[|κ− |+ |− ι|]2
) 1

2

= (℘(S(κ, , ι)))α.

Keep in mind that cosh(1
2) ≤

√
cosh() for any real number . We know that this function

has only one fixed point in 0.

3.2 Fixed point results for semigroups of mappings

Sehgal studied continuous self-mappings that satisfy an iterative contraction at every point in
a complete metric space in Sehgal (1969). Sehgal demonstrated that there exists a unique fixed
point for these mappings, and that the sequence of iterations of any point converges to the
fixed point. The Sehgal result was extended in Guseman (1970) to mappings with an iterative
contraction at each point in a proper subset of the space, even if they are not necessarily
continuous.

Browder studied continuous self-mappings on a metric space that fulfil a functional inequality
in Browder (1968). For these kinds of mappings, Browder provided enough conditions to ensure
that the consecutive approximations of any point converge to a single fixed point. Browder’s
finding is extended in Sehgal & Thomas (1971) to a commutative semigroup of mappings as
well as to single-valued mappings that fulfil a weaker version of the functional inequality that
Browder applied, even if they are not necessarily continuous.

By a semigroup we mean a non-empty set F equipped with a binary relation ”.” that has
the associate property. It is not necessary for ”.” to enjoy an identity member and an inverse
member for each f ∈ F in this structure.

Definition 11. Sehgal & Thomas (1971) Let L′ be a bounded subset of L, where (L, d) is a
complete metric space. Assume that F is a commutative semigroup of self-mappings on L′ that
aren’t always continuous. If, for every  ∈ L′ there exists an f ∈ F such that

d(f(ι), f()) ≤ φ(d(ι, )),

for all ι ∈ L′, consequently, F is called a pointwise contractive semigroup on L′. Here, the real
valued function φ is defined on the nonnegative real numbers.

Theorem 3. Sehgal & Thomas (1971) Assume that L has a closed subset L′. Let F be a
semigroup of self-mappings on L′ which is commutative. Let F be pointwise contractive on L′

for some nondecreasing and continuous from the right mapping φ : [0,∞) → [0,∞), such that
φ(r) < r for all r > 0. If, for some 0 ∈ L′,

sup{d(f(0), 0) : f ∈ F} <∞,

then there exists a unique ξ ∈ L′ such that f(ξ) = ξ for each f ∈ F . Moreover, there exists a
sequence {gn} ⊂ F with gn()→ ξ for each  ∈ L′.

327



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.10, N.2, 2025

The following construction is inspired from article Gajić & Ralević (2018). In this part,
we assume that SSSM space (L, S) is symmetry. Let (L, S) be a complete SSSM space and
B ⊆ L. Let Q be a semigroup of self-mappings on B which is commutative. The semigroup Q
is JS-pointwise contractive on B if for each  ∈ B, there is a G ∈ Q so that for some α ∈ (0, 1),

℘(S(G(κ),G(ι),G())) ≤ (℘(S(κ, ι, )))α, (7)

∀ κ, ι ∈ B, where ℘ ∈ Θ.

Theorem 4. Let Q be a commutative semigroup of self-mappings on B which is JS-pointwise
contractive on B, where B is a closed nonempty subset of complete SSSM space (L, S). If for
some 0 ∈ B

sup{S(G(0),G(0), 0) : G ∈ Q} <∞,

then, there exists a unique u ∈ B such that G(u) = u for each G ∈ Q. Moreover, there is a

sequence {gn} ⊂ Q with {gn()} S→ u for each  ∈ B.

Proof. Let 0 ∈ B so that S0 = sup{S(G(0),G(0), 0) : G ∈ Q} <∞. Let G0 = G0 , that is, G0

satisfies 7 for 0. Inductively, we define Gn = Gn , where n+1 = Gn(n) in which Gn satisfies 7
for n. Then, for a fixed k ≥ 0,

sup
n≥k

S(n+1, n+1, k+1) = sup
n≥k

S(Gn ◦ Gn−1 ◦ · · · ◦ Gk+1 ◦ Gk(k),Gn ◦ Gn−1 ◦ · · · ◦ Gk+1 ◦ Gk(k),Gk(k)).

Let Hn = Gn ◦ Gn−1 ◦ · · · ◦ Gk+1. It follows that

℘(S(n+1, n+1, k+1)) = ℘(S(Hn(Gk(k)),Hn(Gk(k)),Gk(k))

= ℘(S(Gk(Hn(k)),Gk(Hn(k)),Gk(k))

≤
(
℘(S(Hn(k),Hn(k), k))

)α
=
(
℘(S(Gk−1(Hn(k−1)),Gk−1(Hn(k−1)),Gk−1(k−1)))

)α
≤
(
℘(S(Hn(k−1),Hn(k−1), k−1)

)α2

...

≤
(
℘(S(Hn(0),Hn(0), 0))

)α(k+1)

≤
(
℘(sup
G∈Q

S(G(0),G(0), 0))
)α(k+1)

≤
(
℘(S0)

)α(k+1)

→ 1 (as k →∞).

So, by (℘2) we have

lim
n→∞

S(n+1, n+1, k+1) = 0.

Thus, the sequence {n} is S-Cauchy. Let {n}
S→ u ∈ B. By hypotheses, there is a Gu ∈ Q so

that

℘(S(Gu(n),Gu(n),Gu(u)) ≤ (℘(S(n, n, u)))α → 1 (as n→∞).

So, from (℘2) we have

S(Gu(n),Gu(n),Gu(u))→ 0 (as n→∞),

so that Gu(n)
S→ Gu(u).
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On the other side,

℘(S(Gu(k),Gu(k), k)) = ℘(S(Gu(Gk−1(k−1)),Gu(Gk−1(k−1)),Gk−1(k−1)))

= ℘(S(Gk−1(Gu(k−1)),Gk−1(Gu(k−1)),Gk−1(k−1)))

≤
(
℘(S(Gu(k−1),Gu(k−1), k−1))

)α
=
(
℘(S(Gk−2(Gu(k−2)),Gk−2(Gu(k−2)),Gk−2(k−2)))

)α
≤
(
℘(S(Gu(k−2),Gu(k−2), k−2))

)α2

...

≤
(
℘(S(Gu(0),Gu(0), 0))

)αk
≤
(
℘(sup
G∈Q

S(G(0),G(0), 0))
)αk

=
(
℘(S0)

)αk
→ 1 (as k →∞).

Again by (℘2) we have S(Gu(k),Gu(k), k)→ 0, so that

S(Gu(u),Gu(u), u) ≤ C(lim sup
k→∞

S(Gu(k),Gu(k), k))→ 0 (as k →∞),

as a result Gu(u) = u.
One may demonstrate that u is a unique fixed point of Gu on B by using (7). Specifically, if

we allow u and u′ to be two fixed points of Gu such that u 6= u′, then we obtain

℘(S(u′, u′, u)) = ℘(S(Gu(u′),Gu(u′),Gu(u)))

≤ (℘(S(u′, u′, u)))α,

which is impossible unless that u = u′. Moreover, since Q is commutative, for any G ∈ Q,

G(u) = G(Gu(u)) = Gu(G(u))

and therefore G(u) = u, ∀ G ∈ Q.
Since Q is a commutative semigroup of self-mappings on B which is JS-pointwise contractive

on B, so for fixed point u there exists Gu in Q such that for any  ∈ B,

℘(S(Gnu (),Gnu (),Gu(u)))

≤ (℘(S(, , u)))α
n → 1 (as n→∞).

Therefore, for each nonnegative integer n, we can set gn = Gnu . Then obviously

℘(S(gn(), gn(), u)) ≤ (℘(S(, , u)))α
n → 1 (as n→∞).

By (℘2) we have S(u, u, gn()) = S(gn(), gn(), u)→ 0, so gn()
S→ u.

Corollary 6. Let G be a self-mapping on B, where B is a closed nonempty subset of the complete
SSSM space (L, S). If G fulfils the requirements:

1. for all , ι ∈ B
sup{S(Gk(),Gk(), ι) : k ∈ N} <∞;

2. for each  ∈ B, there exists an integer n() ≥ 1 so that for some α ∈ (0, 1)

℘(S(Gn()(κ),Gn()(`),Gn()())) ≤ (℘(S(κ, `, )))α, (8)

∀ κ, ` ∈ B, where ℘ ∈ Θ.

Then there is a unique u ∈ B such that G(u) = u and {Gk()} S→ u, for each  ∈ B.
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Proof. Pointwise contractive mappings on B form a commutative semigroup which is the family
Q = {Gk : k ∈ N}. According to Theorem 4, for every  ∈ B, there is {gk} ⊂ Q such that

gk()
S→ u where u is the unique fixed point of any element of Q. Consequently, there is only

one fixed point u of G. We now demonstrate that, for each  ∈ B, {Gk()} S→ u.
Since Q is a commutative semigroup of self-mappings on B which is JS-pointwise contractive

on B, so for fixed point u there exists Gn(u) in Q such that for any  ∈ B,

℘(S(Gn(u)(),Gn(u)(),Gn(u)(u))) ≤ (℘(S(, , u)))α.

For k sufficiently large we have k = r.n(u) + s, with r > 0 and 0 ≤ s < n(u) and therefore
for any  ∈ B,

℘(S(Gk(),Gk(), u)) = ℘(S(Gr.n(u)+s(),Gr.n(u)+s(),Gn(u)(u)))

≤ (℘(S(G(r-1).n(u)+s(),G(r-1).n(u)+s(), u)))α

...

≤ (℘(S(Gn(u)+s(),Gn(u)+s(), u)))α
r-1

≤ (℘(S(Gs(),Gs(), u)))α
r

≤ (℘(S0))α
r → 1 (as r→∞),

where S0 = sup{S(Gs(),Gs(), u) : 0 ≤ s ≤ n(u)− 1}. So, by (℘2) it follows that {Gk()} S→ u,
for each  ∈ B.

A generalization of the Guseman fixed point finding Guseman (1970) in an SSSM space is
the next corollary.

Corollary 7. Suppose that G is a self-mapping on B, where B is a closed subset of the complete
SSSM space (L, S). Let G be a mapping with contractive iterates at any point  ∈ B (for each
 ∈ B, there exists an integer n() ≥ 1 so that for some α ∈ (0, 1)

S(Gn()(κ),Gn()(`),Gn()()) ≤ α · S(κ, `, ), (9)

∀ κ, ` ∈ B) and for all , ι ∈ B

sup{S(Gk(),Gk(), ι) : k ∈ N} <∞.

A unique u ∈ B then exists such that G(u) = u and {Gk()} S→ u for each  ∈ B.

Proof. The proof is obtained by using ℘(t) = et and applying Corollary 6.

4 Application

This section addresses whether the following boundary value problem (see, also Parvaneh et al.
(2019) in which this problem has been discussed in a modular b-metric space) has a solution:{

y′′(t) = f(t, y(t)), t ∈ [0, 1]
y(0) = y(1) = 0

(10)

where f : [0, 1]× R→ R is a continuous function.
The following Fredholm integral equation can be obtained by transforming the equation

mentioned above:

y(t) = −
∫ 1

0
K(t, κ)f(κ, y(κ))dκ (11)
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where the kernel is given by

K(t, κ) =

{
κ(1− t), if κ ∈ [0, t],
t(1− κ), if κ ∈ [t, 1].

(12)

See Rahman (2007) for details.
Assume that L = C(I,R), the set of continuous real functions defined on I = [0, 1]. We now

give an existence theorem for a solution of (11) in L.
For  ∈ L, define

|||| = sup
κ∈I
|(κ)|.

Here, (L, ||.||) is a Banach space.
We prove that L is a complete SSSM space if we choose:

S(, ι, `) = sup
κ∈I

(|(κ)− ι(κ)|) + sup
κ∈I

(|ι(κ)− `(κ)|) = ||− ι||+ ||ι− `||,∀, ι, ` ∈ L.

We only demonstrate that S meets the condition (b) of Definition 8. Note that this mapping
is not a usual S-metric.

Let {n}, {ιn} and {`n} are convergent sequences such that
limn→∞ S(, , n) = 0, limn→∞ S(ι, ι, ιn) = 0 and limn→∞ S(`, `, `n) = 0 which implies that
limn→∞ |n(κ) − (κ)| = 0, limn→∞ |ιn(κ) − ι(κ)| = 0 and limn→∞ |`n(κ) − `(κ)| = 0, ∀ κ ∈ I.
We have

S(, ι, `)

= sup
κ∈I

(|(κ)− ι(κ)|) + sup
κ∈I

(|ι(κ)− `(κ)|)

= sup
κ∈I

(|(κ)− n(κ) + n(κ)− ιn(κ) + ιn(κ)− ι(κ)|) + sup
κ∈I

(|ι(κ)− ιn(κ) + ιn(κ)− n(κ) + n(κ)− `n(κ) + `n(κ)− `(κ)|)

≤ sup
κ∈I

(|(κ)− n(κ)|) + 2 sup
κ∈I

(|n(κ)− ιn(κ)|) + 2 sup
κ∈I

(|ιn(κ)− ι(κ)|) + sup
κ∈I

(|n(κ)− `n(κ)|) + sup
κ∈I

(|`n(κ)− `(κ)|),

which implies that

S(, ι, `)

= sup
κ∈I

(|(κ)− ι(κ)|) + sup
κ∈I

(|ι(κ)− `(κ)|)

≤ lim sup
n→∞

[sup
κ∈I

(2|n(κ)− ιn(κ)|) + sup
κ∈I

(|n(κ)− `n(κ)|)

≤ 2 lim sup
n→∞

sup
κ∈I

(|n(κ)− ιn(κ)|) + 2 lim sup
n→∞

sup
κ∈I

(|n(κ)− `n(κ)|)

≤ 2(lim sup
n→∞

S(n, n, ιn) + lim sup
n→∞

S(n, n, `n)).

So, L = C(I,R) is an SSSM space.
Define ∆ : L→ L by

∆y(t) = −
∫ 1

0
K(t, κ)f(κ, y(κ))dκ, y ∈ L, t ∈ I.

A function v ∈ L is, obviously, a solution of (11) ⇔ it is a fixed point of ∆.
Take into account the following presumptions:
(1) For all y, y ∈ L and ∀κ ∈ I,

|f(κ, y(κ))− f(κ, y(κ))| ≤
(
|y(κ)− y(κ)|+ |y(κ)−∆y(κ)|

2C
+
|y(κ)−∆y(κ)|

2C
+ (
|y(κ)−∆y(κ)|

3
)
)
.

(2) there exists 0 ∈ L such that

sup{sup
κ∈I

(|∆i0(κ)−∆j0(κ)|), i, j = 1, 2, ...} <∞.
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Theorem 5. Let us assume that all (1)–(2) above assumptions are true. A solution for Equation
(11) is thus found in L.

Proof. The proof that ∆ is a S-JS-contraction is the last step in demonstrating the satisfaction
of all the presumptions of Theorem 2. We have

|∆y(t)−∆y(t)|

≤ sup
t∈I

∣∣∣ ∫ 1

0

K(t, κ)f(κ, y(κ))ds−
∫ 1

0

K(t, κ)f(κ, y(κ))ds
∣∣∣

≤ sup
t∈I

∫ 1

0

|K(t, κ)||f(κ, y(κ))− f(κ, y(κ))|ds

≤ sup
t∈I

∫ 1

0

|K(t, κ)|
(
|y(κ)− y(κ)|+ |y(κ)−∆y(κ)|

2C
+
|y(κ)−∆y(κ)|

2C
+ (
|y(κ)−∆y(κ)|

3
)
)
dκ

≤ sup
t∈I

∫ 1

0

|K(t, κ)|ds
(
||y − y||+ ||y −∆y||

2C
+
||y −∆y||

2C
+ (
||y −∆y||

3
)
)
.

On the other hand,∫ 1

0
|K(t, κ)|dκ =

∫ t

0
|κ(1− t)|dκ+

∫ 1

t
|t(1− κ)|dκ =

t(1− t)
2

.

Hence,

sup
t∈I

∫ 1

0
|K(t, κ)|dκ = sup

t∈I

t(1− t)
2

= 1/8,

which implies that

||∆y(t)−∆y(t)|| ≤ 1/8
(
||y − y||+ ||y −∆y||

2C
+
||y −∆y||

2C
+ (
||y −∆y||

3
)
)
.

Similarly,

||∆y(t)−∆y(t)|| ≤ 1/8
(
||y − y||+ ||y −∆y||

2C
+
||y −∆y||

2C
+ (
||y −∆y||

3
)
)
.

So, we obtain that

S(∆y,∆y,∆y) ≤ 1/8
(
||y − y||+ ||y − y||+ ||y −∆y||+ ||y −∆y||+ ||y −∆y||

C

+ (
||y −∆y||+ ||y −∆y||+ ||y −∆y||

3
)
)
.

From the above inequality, we get

eS(∆y,∆y,∆y) ≤ e
1
8

(
||y−y||+||y−y||+||y−∆y||+||y−∆y||+ ||y−∆y||

C
+(
||y−∆y||+||y−∆y||+||y−∆y||

3
)

)
.

This is equivalent to

eS(∆y,∆y,∆y) ≤ (eS(y,y,y))
1
8 (eS(y,y,∆y))

1
8 (eS(y,y,∆y))

1
8 (e

S(y,y,∆y)
C )

1
8 (e

S(y,y,∆y)+S(y,y,∆y)+S(y,y,∆y)
3 )

1
8 .

Taking ℘(s) = es and α = β = γ = % = ω =
1

8
, we get

℘(S(∆y,∆y,∆y)) ≤(℘(S(y, y, y)))α(℘(S(y, y,∆y)))β(℘(S(y, y,∆y)))γ(℘(
S(y, y,∆y)

C
))%

(℘(
S(y, y,∆y) + S(y, y,∆y) + S(y, y,∆y)

3
))ω.

As a result, it is clear that the mapping ∆ estimates each and every one of the Theorem 2
requirements. Because ∆ has a unique fixed point, the Fredholm integral equation (11) has a
unique solution.
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5 Conclusions

In the setting of SSSM spaces, we obtained a few fixed point findings for generalised JS-
contractions. Finally, we converted a second-order boundary value differential equation to cor-
respondence Fredholm integral equation and proved the existence and uniqueness of its solution.
Our findings complement and broaden the pertinent findings in Beg et al. (2021); Gajić & Ralević
(2018) and Jleli & Samet (2014).
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Gajić, L. & Ralević, N.(2018). A common fixed point result in strong JS-metric space. Bulletin
(Academie serbe des sciences et des arts. Classe des sciences mathematiques et naturelles.
Sciences mathematiques), 43 , 113-121.

Guseman, L.F. (1970). Fixed point theorems for mappings with a contractive iterate at a point.
Proc. Amer. Math. Soc., 26, 615-618.

Hussain, N., Roshan, J.R., Parvaneh, V. & Kadelburg, Z. (2014). Fixed points of contractive
mappings in b-metric-like spaces. The Scientific World Journal, Article ID 471827, 15 pages.

Jleli, M. & Samet, B. (2015). A generalized metric space and related fixed point theorems. Fixed
Point Theory and Applications, 2015 (1), 61.

Jleli, M. & Samet, B. (2014). A new generalization of the Banach contraction principle. J.
Inequal. Appl., 2014 (1), 38.

Kamran, T., Samreen M. & Ain, Q.U.(2017). A generalization of b-metric space and some fixed
point theorems. Mathematics, 5(19), 1-7.

Karami, A., Sedghi, S. & Parvaneh, V. (2021). Sequential Extended S-Metric Spaces and Rel-
evant Fixed Point Results with Application to Nonlinear Integral Equations. Advances in
Mathematical Physics, 2021(1), 991-861.

Mustafa, Z., Shahkoohi, R.J., Parvaneh, V., Kadelburg, Z. & Jaradat, M.M.M. (2019). Ordered
Sp-metric spaces and some fixed point theorems for contractive mappings with application to
periodic boundary value problems. Fixed Point Theory and Applications, 2019(1), article 16.

Nilsson, J.W., Riedel, S. (2010). Electric Circuits. Prentice Hall Press.

333



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.10, N.2, 2025

Parvaneh, V., Hussain, N., Khorshidi, M., Mlaiki N. & Aydi, H.(2019). Fixed point results for
generalized F -contractions in modular b-metric spaces with applications. Mathematics, 7(10),
887.

Qaralleh, R., Tallafha A. & Shatanawi, W. (2023). Some Fixed-Point Results in Ex-
tended S-Metric Space of Type (α, β), Symmetry, 15 (9), 1790. https://doi.org/10.3390/
sym15091790.

Rahman, M. (2007). Integral Equations and Their Applications. WIT Press: Southampton, UK.

Singiresu, S.R. (1995). Mechanical Vibrations. New York: Addison-Wesley, 4, 75-848.

Sedghi, S., Shobe N. & Aliouche, A.(2012). A generalization of fixed point theorems in S-metric
spaces. Mat. Vesnik, 64, 258-266.

Shankar, R.(2012). Principles of Quantum Mechanics. Springer Science and Business Media.

Souayah, N. & Mlaiki, N. (2016). A fixed point theorem in Sb-metric spaces. Journal of Mathe-
matics and Computer Science, 16(315), 131-139.

Sehgal, V.M. & Thomas, J.W. (1971). A fixed point theorem for semigroups of mappings with
a contractive iterate. Proceedings of the American Mathematical Society, 29(3), 565–570.

Sehgal, V.M. (1969). A fixed point theorem for mappings with a contractive iterate. Proceedings
of the American Mathematical Society, 23, 631-634.

Younis, M. & Bahuguna, D.(2023). A unique approach to graph-based metric spaces with an
application to rocket ascension. Computational and Applied Mathematics, 42(1), 44.

Mudasir, Y., Singh, D., Altun I. & Chauhan, V.(2022). Graphical structure of extended b-metric
spaces: an application to the transverse oscillations of a homogeneous bar. International
Journal of Nonlinear Sciences and Numerical Simulation, 23(7-8), 1239-1252.

334

https://doi.org/10.3390/sym15091790
https://doi.org/10.3390/sym15091790

	Introduction
	Strongly sequential S-metric spaces
	Main results
	Some fixed point theorems in an SSSM space
	Fixed point results for semigroups of mappings

	Application
	Conclusions

