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Abstract. In this paper, we combine the Kharrat-Toma transform and the homotopy perturbation method for
solving linear and nonlinear Klein-Gordon equations. Since the Klein-Gordon is two-variable equation, we first
generalize the Kharrat-Toma transform to two-dimensional state. Then, we solve the linear Klein-Gordon equation
only using the Kharrat-Toma transform and inverse Kharrat-Toma transform. Moreover, to solve the nonlinear
Klein-Gordon equation, we combine the Kharrat-Toma transform with the homotopy perturbation method and
obtain an approximate solution for it. Finally, we give some examples for both cases and compute the error of

the approximate solutions.
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1 Introduction

The Klein-Gordon equation plays an important role in mathematical physics. This equation
appears in quantum field theory, wave phenomena, plasma physics, nonlinear optics and describe
the behavior of the inflaton field (Ahmad et all 2023 2024). In general, the Klein-Gordon
equation has the following form

Ut (z,t) — Uz (7, 1) + au(z,t) + f(u(z,t)) = g(z,1), (1)
with initial conditions

u(z,0) = hy(x), (2)
ut<m7 0) = h2(£)? (3)

where u(x,t) is unknown function, the nonlinear function f and analytic function g are known
and a € R. Furthermore, hy(z) and ha(z) are known functions.

In recent years, the Klein-Gordon equation has attracted the attention of researchers and
different methods have been proposed to solve it (Jafari et al., [2009; [Meddahi et al.l 2022)). Some
of these methods are Adomian decomposition method (Deeba & Khuri, |1996; Kaya & Sayed,
2004; Sayed,, 2003)), perturbation method (Alluhaibi, 2015|), homotropy perturbation transform
method (Chowdhury & Hashim, 2009) and perturbation iteration transform method (Cheniguel
& Ayadi, 2011)).

An integral transform is to convert a complex problem into a simpler one. The idea behind
an integral transform is for the transform function f to F'. Then, the function f can be obtained
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using the inverse transform F. Also, the integral transform play an important role in finding
solutions to initial value problems and boundary value problems. In these cases, the differen-
tial equations and integral equations can be transformed into solvable equations or systems of
algebraic equations. Note that the appropriate choice of integral transformation is very im-
portant. The most important integral transformations are Mohand transform, Sawi transform,
Elzaki transform, Kamal transform, Laplace transform, Kharrat-Toma transform and Sumudu
transform (Debnath & Bhatta, 2016).

In [Jafari (2021) authors introduced a general integral transform in the class of Laplace
transform, and has proved that new transforms in the class of Laplace transform which are
introduced during last few decades are a special case of this general transform. General integral
transform is used for solving higher order initial value problems, integral equations and fractional
order integral equation.

There are various numerical and analytical methods for solving ordinari and partial differ-
ential equations. In [Salati et al. | (2023]) authors obtained numerical solutions of Bagely-Torvik
and a class of fractional oscillation equations by using a numerical method based on Hosoya and
Clique polynomials. The authors in Jafari & Manjarekar| (2022)) presented a modified version
of the new general integral transform and find out its relationship with Laplace type and some
other integral transformations.

Our aim in this paper is to extend the Kharrat-Toma transform for two variable functions
and apply Kharrat-Toma perturbation method for solving nonlinear Klein-Gordon equations.

This paper is organized as follows. In Section 2, we introduce the Kharrat-Toma transform for
one-variable and then generalize it to the two-variable case. The homotopy perturbation method
for solving the nonlinear partial differential equation is presented in Section 3. In Section 4, we
solve the linear and nonlinear Klein-Gordon equation by the Kharrat-Toma transform and the
homotopy perturbation method. Finally, some conclusions are given in Section 5.

2 Kharrat-Toma transform

In this section, we briefly review the Kharrat-Toma transform for one-variable functions (Kharrat
& Toma | 2020) and then generalize it for two-variable functions.

2.1 One-variable Kharrat-Toma transform

Definition 1. (Kharrat € Toma | (2020)) The function u(t) is said to have exponential order
on every finite interval in [0,00) if there exist a positive number M satisfying

lu(t)| < Me™,  a>0, Vt>0.

Definition 2. (Kharrat & Toma |, 2020) Let the function u(t) have exponential order in [0, 00).
The Kharrat-Toma integral transform is

(o9}
Blu(t)] = / Wb Edt = U(s), >0, (4)
0
Furthermore, the Kharrat-Toma inverse integral transform is given by
. o0 ot
u(t) = B [U(s)] = B~ [33 / u(t)e ?dt} . (5)
0
The Kharrat-Toma transform for some functions are given in Table 1.

Theorem 1. (Kharrat & Toma |, |2020) (Sufficient condition for existence Kharrat-Toma trans-

b
form) The Kharrat-Toma transform U(s) exists if it has exponential order and/ |u(t)|dt exists
0
for any b > 0.
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Table 1: The Kharrat-Toma transform for some elementary functions.

u(t) U(s)
1 s°
t s7
n n!82n+5
5
Kt S
© 1— k7:52
ks
sin(kt) 5
1 +5]§ s
COS(kt) W
. ks
sinh(kt) e
85
cosh(kt) e

Theorem 2. (Kharrat € Toma |, 12020) (Linearity property) Let Blui(t)] = Ui(s), Blua(t)] =
Us(s), ..., Blup(t)] = Un(s) and c1,ca, ..., ¢y be constants. Then

Z ckuk(t)
k=1

Theorem 3. (Kharrat & Toma |, |2020) Let Blu(t)] = U(s) and n > 1. Then

B

= Z ckB[uk(t)]
k=1

n—1
n 1 —zn
B[u< >(t)} = S7U(s) = Y 572 e ),
k=0

Theorem 4. (Kharrat & Toma |, |2020) (Convolution Theorem) Let Blui(t)] = Ui(s) and
Blua(t)] = Ua(s). Then

Blu(t) # ua(t)] = 51 ($)Uas),

in which

up(t) xug(t) = /0 uy(x)ug(t — x)de.

2.2 Two-variable Kharrat-Toma transform

Similar to (4]), we introduce the Kharrat-Toma transform for bivariate functions. In two-variable
Kharrat-Toma transform integration is respect to variable ¢t and variable x is constant.

Definition 3. Let function u(z,t) have exponential order fort € [0,00). Two-variable Kharrat-
Toma integral transform is

t

(0@
B[u(x,t)] = 53/ u(z,t)e 2dt = U(x, s). (6)
0
Furthermore, the two-variable Kharrat-Toma inverse integral transform is given by
o0 ¢
u(z,t) = B! [U(ac,s)} =Bt |:83/ u(x,t)e_s?dt] . (7)
0
Now, we give some properties of two-variable Kharrat-Toma transform.
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Theorem 5. Let Blu(x,t)] =U(x,s). Then

(i) B {&Lg?ﬂ _ S%U(:c,s) — Bu(a,0).
2'LL xr u
(ii) B {88(#716)} _ S%U(m,s) ~ su(,0) —53%(33,0).

Proof. (i) By (6]), we have

[es) b
p[PE0) [0 sy (5 [0 5
0 0

ot ot b—o00 ot
Let
_t 1 _+
z=e€ s2 —>dz:——26 s2dt
s
5] t
dw = ue, )dt — w = u(z,t).
ot
Hence

ou(z,t)
ot

o))

(13) Let g(z,t) =

. Then, (i) gives us

ot? ot
1
= ?B[g(x7 t)] - Sgg(xv 0)

1, [8u(:n,t)] _ adu

52 Ot ot (z,0)

11 3 30U
= 8—2<8—2U(:U,3) —s u(z,O)) —s E(m,())
1 30U

= sjU(x,s) —su(z,0) — s E(m,O).

O

In the following proposition, the Kharrat-Toma transform of the derivatives u(x,t) respect
to variable x has been calculated.

Proposition 1. Let Blu(z,t)] = U(z,s). Then

e The Kharrat-Toma transform for first-order partial derivative u(x,t) respect to x is

ou(z,t) 3 [ Ou(z,t) _ ¢
B = s2
{ Ox ] s 0 dr ¢ dt
_ 3/00 (. t)e = dt
=5, |® ; u(z,t)e
d
:%U(.CU,S)
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e The Kharrat-Toma transform for second-order derivative u(x,t) respect to  is

0?u(z,t) 3 [ Pu(x,t) o
B[a;cz]—S/o oz ¢ 7

2 [ 4 [ .
- 32
3 {s /0 u(z,t)e dt]

e The Kharrat-Toma transform for n-order derivative u(x,t) respect to x is

B[B u(x,t)] _ 33/ 0 u(x,t)e_s%dt
ox™ 0

3 Homotopy perturbation method

For the first time, the homotopy perturbation method (HPM) proposed by [Liao| (1995) to solve
the linear and nonlinear differential and integral equations. Consider the following nonlinear
partial differential equation

A(u) — f(r) =0, reQCR, (8)

with initial conditions
I(u) =0, 9)

in which A is a general partial differential operator and I is a initial operator. Now, we divided
A into two parts L and N that L is linear and N is nonlinear operators. Therefore

L(u) + N(u) — f(r) =0. (10)

H(v,p) = (1 - p)[L(v) — L(uo)] + plA(v) — f(r)]
— (1 - p)[L(v) — L(uo)] + pL(v) + N(v) — ()
— L(v) — L(uo) + pL(uo) + p[N(v) — £(r)] =0, (11)

in which p € [0,1] is an embedding parameter and ug is an initial approximation of (§)). Fur-
thermore

Hence, if p goes from zero to one, then H(v,p) goes from L(v) — L(ug) to A(v) — f(r). For
nonlinear operator N, we have (Liao, 1995} 2007

N(u)=>_ p*Hy(u),
k=0
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where Hy, is calculated like Adomian polynomials as
1o =
Hy(ug, ..., ux) = ——H[N(Zp uz)}, k=1,2,..
i=0

Now, using the perturbation technique the solution of the nonlinear partial differential equation
(8)) is as follows

v = vg + pu1 + pPug + - - (14)

and for p — 1, we get

u=Ilimv=vyg+vy+vo+---
p—1

The series is convergent and the rate of convergence depends on A(u) (He |, 1999).

4 Applications
To demonstrate the efficiency of the Kharrat-Toma transform and homotopy perturbation

method, we solve the Klein-Gordon equations in this section.

4.1 Linear Klein-Gordon equations

In this subsection, we use the two-variable Kharrat-Toma transform @ and inverse Kharrat-
Toma transform for solving the linear Klein-Gordon equations. First, we consider the linear
partial differential equation.

Example 1. Consider the following linear partial differential equation
Uy — 2us —u = 0,

subject to the initial condition

u(z,0) = 6737,

The exact solution is u(x,t) = 6e =372,
We apply the Kharrat-Toma transform on both side of this equation. It leads

d 1 3

— %U(:c,s) 2 ?U(x,s) -5 u(az,O)) —U(z,s) =
d 2 _ 3 -3z

== @U(x,s) (—2 + 1>U(m,s) = —12s’€

For simplicity, let U = Blu(z,t)] = U(z,s). Then
/ 2 3 -3z
U—<—2+1)U:—12se .
s
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Now, we solve the first order linear differential equation. So

U:e/ (%+1>dx /e/<522+1)dx<—12536_3x)d$+c

* 51452
(9%+1)w 650 —(S%+4):E

- 1—l—2326 ¢

6s° 5, (341)e

= 1+2826 * + ce )

For ¢ =0, we have
Ui, 5) = — 05
r,8) = ———e

’ 14252

Finally

5
u(x,t) = 6e3* B! L _52 2] = 6e 32 = e 3T,
s

Example 2. Consider the linear Klein-Gordon equation (Ravi Kanth & Aruna |, |2009)
Ut — Uggy — U =0,
subject to the initial conditions
u(z,0) =1 +sinz, u(x,0) =0,

in which the exact solution is u(x,t) = sinx + cosht. Using the Kharrat-Toma transform @,
we obtain

— L0 s 0) % 0) - Lus) U9 =0

aU(@,s) = sulz, s (@, TaU(,s z,s) =
1 . 2

= ?U(az, s)—s(l+sinzx) — @U(x,s) —U(z,s)=0.

Let U = Blu(x,t)] = U(x,s). Then

U’ — (si‘l - 1>U = —s(1+sinx).

1
First, we solve the homogeneous equation U" — (—4 — 1)U = 0. Hence
s

V1 — g4 V15t 1—34$

2 = Ug(z,s) =cre 52 "+ e 2

V—($~J):0=$A:i

The private solution is as follows
Up= A1+ Aysinz + Azcosw
UIQ = Ascosx — Assinx
Uz/»/ = —Agsinx — Agcosz
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Hence
1
—Agsinz — Azcosz — <—4 - 1) (A1 + Agsinx 4+ Az cosx) = —s(1 +sinx).
s
So
4= Ay=s5,  Ag=
1= 7 2 =38, 3=0.
For ¢y = co =0, we have
5
u(z,t) = B! [14 + 5° sinx] = cosht + sin z.
-5

Example 3. Consider the linear Klein-Gordon equation (Chowdhury € Hashimi, |2009)
U — Ugy + U = 28inx,
subject to the initial conditions
u(z,0) = sinz, ut(x,0) =1,

in which the exact solution is u(z,t) = sinz +sint. Using the Kharrat-Toma transform (6]), we
obtain
Bluy) — Blugg] + Blu] = 2B][sin z]

1 zdu 2
= EU(%S) — su(z,0) —s E(x,O) 3

1
= (—4 + I)U(x,s) —ssinz — 52 — U"(z,s) = 2s° sin .
s

U(x,s)+Ul(x,s) =2s"sina

Let U = Blu(z,t)] = U(x,s). Then
1
U"” — (—4 + 1>U = —(s+2s%)sinz — s>,
S
. . " 1
First, we solve the homogeneous equation U" — (—4 =+ 1)U = 0.
s

ival —+ 84 Y 1454 Vi1ts?
——— = Uy(z,s) =cre’ ¥ "+cge 2

>\2—<5i4+1):0:>)\:i S

The private solution is as follows

Up = A1 + Aysinz + Azcosw

U]’) = Aycosx — Asgsinx

UI;' = —Agsinx — Agcosz
Hence
1
—Aysinx — Azcosz — (—4 + 1) (A 4+ Agsinz + Azcosz) = —(s + 25°)sinz — s°.
s
So
R .
A — = == .
For ¢c; = co =0, we have
7
u(z,t) = B! [1 e + 5 Sinl‘:| =sint + sinz.
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4.2 Kharrat-Toma perturbation method for Nonlinear Klein-Gordon
equations

In this subsection, we solve the nonlinear Klein-Gordon equation by combining Kharrat-Toma
transform and homotopy perturbation method.

Example 4. Consider the nonlinear Klein-Gordon equation (Hosseinzadeh et al., 2010)
Ut — Ugy + u? = x2t2,
subject to the initial conditions
u(z,0) =0, u(x,0) = x,
in which the exact solution is u(x,t) = xt. The Kharrat-Toma transform @, gives us
Blug) — Bluge] + B[u?] = Blz*t?]

1
= S—4U(x, s) — su(x,0) — s3uy(2,0) — U (x, s) + B[u?] = 22°s°

1
= S—4U(x, s) — 8%z — U"(x, s) + Blu?] = 22%5°.
Hence
Ulz,s) — s’z —s'U"(z,s) — 222" + s'Blu?] = 0.
Let Blvi(x,t)] = Vi(z,s). Now, the homotopy perturbation method gives

H(v,p) = (Vb + Vip + Vap? + - ) — 7o — 22251 — Uy + pUp

d2
st (B[Hotw) 4 pHa0) 4 P Ha0) 4] = 5 (Vo Vit Vi o) )

If ug(z,t) = wt, then Ug(z,s) = s"x.
First iteration:

p? Vo — s — 222513 — Uy =0
Vo(z,s) = 257x 4 222513
1
t) = 2at + —2?tt
vo(z,t) = 2zt + 5%

Second iteration:
1 4 d*Vy
p:Vi+Uy+s (B[Ho(u)]—j> =0
d?,
Hy(u) = (uo + puy + p?us + - ) ’ .= u3 = 2*? = B[Ho(u)] = 2225’
p:
Vi(z,s) + sz + s*(202s? — 4513) =0
Vi(z,s) = —s"w — 222513 + 4517

Third iteration:

d*V;
- de)
0 2 1
Hi(u) = —(uo + puq + pPug + - - ) ‘ = 2u(2)u1 = 4233 + —25¢6
8}? p=0 6
B[H1(u)] = 24235 + 12020517

Va(z,8) + 2423515 4 120205%1 — 4517 =0
. 1 1
t) = —= 5.[;5 o 6t8 7t6
vl 1) = —5at? = gaErt 4 9

p?: Vo + st (BIH: (w)]
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Fourth iteration:

( d2v*2
PP Vs + 84<B[H2(U)] - W) =0
1 92 ) 2 9
HQ(U):§W<UO+pU1+p u2+> ‘ = uj + 2ugus
Pty 1 5 0 1
A2 A8 135 foae L e T
A Tt g 57 1687 " g0

B[Hy(u)] = 82%5Y + 2802152 4 4023515 — 28824517 — 2160275 + 56x5'?
Va(z,s) + 822s'3 + 2802452 4 4023519 — 28824521 — 216027527 + 56252 — 144x5' — 3600245%° = 0

1 1 1 1 1
v3(x,t) = —§x2t4 — 282110 — 3T 1S Tl ot? + —at’ +

24410
128 140 18480 6480 70 1008

Finally
u(z, t) = vo(x,t) + v1(z, t) + va(z, t) + v3(x, t).

The error of the approximate solution v (z,t) for different values of t is presented in Table

2
Table 2: Comparison the exact and the approximate solutions for x = 0.5 in Example
t Approximate | Exact Error
0 0 0
0.1 0.05 0.05 0
0.2 0.1 0.1 4.221 x 107
0.3 0.15 0.15 | 3.069 x 10712
0.4 0.2 0.2 1.520 x 10710
0.5 0.25 0.25 1.211 x 107°
0.6 0.3 0.3 3.012 x 1078
0.7 0.35 0.35 1.511 x 1078
0.8 0.4 0.4 1.287 x 10~ "
0.9 0.45 0.45 2.285 x 107
1 0.5 0.5 3.165 x 10°°
0.5 T T T T T T T T T
— exact

0451 V  approximate ]

u(0.5,1)

Figure 1: The exact and the approximate solutions for x = 0.5 in Example
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Example 5. Consider the nonlinear Klein-Gordon equation (Gungor, |2020)
Ut — Upgy — uw+u? = :ct+:1:2t2,
subject to the initial conditions
u(z,0) =1, ui(x,0) =z,

in which the exact solution is u(x,t) = 1 + xt. From Kharrat-Toma transform @, we obtain

Bluy) — Blugs] — Blu] + Blu?] = Blat + 2°t?]

= S%U(x, s) — su(z,0) — s3uy(x,0) — U (x,s) — U(x,s) + Blu*] = xs" + 22%s°

= S%U(SL', s)—s—as® —U"(x,s) —U(z,s) + Blu?] = zs” + 2225,
Hence

Ulz,s) —s° —as” — sU"(x,5) — s'U(z,5) + s* Bu?] — zs' — 222513 = 0.

Let Bvi(x,t)] = Vi(x,s). Now, the homotopy perturbation method gives
H(v,p) = (%—I—le—l—Vgpz—i—---) — 50 —asT —astt — 222513 — Uy + pUy —34(V0+V1p+V2p2+~-->

d2
+ps (B[Ho(u) + pH1(u) + p*Ha(u) +} - M(%—Fvlp—i-VQpQ—i----)) .

If up(w,t) = 1+ wt, then Up(x,s) = s° + s7z. Hence
po Vo — s —as’ —astt — 2228 — Uy — 34Vo =0.
So
(1 —sHYVo =28 + 2570 + wst + 222613,
or 5 7 7 5
Vo=2 i + 2x i +x —37—1—87 +222( = —$° + i .
1—st 1—st

Using Kharrat-Toma inverse integral transform, we have

vo(z,t) = 2cosht + 3xsinht — at + x2t? — 222 + 22% cosh .

Also 2
Vi
p1 Vi + Uy — 'V + 54(B[H0(u)] — W;) =0
Since
2 2 2 2
Ho(w) = (uo +pur + 7w+ ) | = ud= (14+an)?
p:
Then
olu)| = +xt)°| = + 2zt +x°t°| = s° + 2xs' +2x°s”.
B[H B[(1 N=B[1+2 22 >4 2xs" + 225"
So o
(1—sYVi(z,s) = —5° — 57z + 55° + 2ws'! 4 222513 4 4513 — 41 —a

Using Kharrat-Toma inverse integral transform, we have

9
vi(z,t) = 8cosht — 3z sinht — 9 + 2zt — 2%t — 222 — 2* 4+ 222 cosht — 4B ™1 [(184)2] :
—s
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Now, we have
B—l 89 _ B—l i 812
(1 _ 34)2 - 53 (1 _ 54)2

7 5
1 s 1 s
o [ o [

= sinht * cosht

¢
:/ sinh z cosh(t — z)dx
0
1
= —tsinht,
2
Hence
vi(z,t) = 8cosht + xsinht — 9 — 2zt — x2t? — 2% — 2t2 + 22° cosh t — 2t sinh .

After three iterations, the errors of the approzimate solution v(x,t) for different values of t are
presented in Table 3.

Table 3: Comparison the exact and the approximate solution for z = 0.2 in Example

t Exact | Approximate Error
1 1 0

0.1 ] 1.02 1.02 2.8809 x 10~°
02 ] 1.04 1.04 1.0734 x 107 %
0.3 | 1.06 1.06 2.2393 x 1072
0.4 | 1.08 1.08 3.6709 x 1014
0.5 1.1 1.1 5.2558 x 10~ 2
06 | 1.12 1.12 6.8834 x 102
07 ] 1.14 1.14 8.4450 x 1072
0.8 | 1.16 1.16 9.8337 x 1077
09 | 1.18 1.18 1.0944 x 1073

1 1.2 1.2 1.1673 x 1073

1.2 T
exact
1.18 | WV approximate 1

u(0.2,1)

1% . . . . . . . . .
0 0.1 02 03 04 05 06 07 08 09 1

t

Figure 2: The exact and the approximate solutions for x = 0.2 in Example
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5 Conclusion

In this paper, we solve the linear and nonlinear Klein-Gordon equations using the Kharrat-Toma
transform and the homotopy perturbation method. First, we generalized the Kharrat-Toma
transform to the two-dimensional case and then we solve the linear Klein-Gordon equation by
it. For nonlinear Klein-Gordon equations, combined method of Kharath-Toma transform and
the homotopy perturbation method has been used. Numerical examples show that the presented
method has suitable accuracy.
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