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1 Introduction

It is known that mathematical modeling of various real-world processes encountered in
natural science experiments often leads to the study of inverse problems for partial differential
equations. In general, inverse problems involve determining the parameters of a model when the
structure of the mathematical model describing the process is already known. In other words,
these problems concern the simultaneous determination of unknown coefficients and the right-
hand side of partial differential equations based on additional data. Such problems are referred
to as inverse problems in the theory of equations in mathematical physics. The theoretical
foundations for the study of inverse problems were established and further developed in the
works of Tikhonov (1943); Lavrentiev et al. (1969, 1980); Ivanov et al. (1978); Romanov (1984),
and their followers (see, for example, (Isakov, 2017; Ivanchov, 2003; Kabanikhin, 2011), and
others).

The wide range of applications of inverse problems - such as in seismology, mineral explo-
ration, biology, medicine, seawater desalination, fluid flow in porous media, acoustics, electro-
magnetics, fluid dynamics, remote sensing, and nondestructive evaluation, among many others
- underscores their significance as one of the most relevant and actively studied branches of
modern mathematics.

It is worth noting that inverse boundary value problems for second-order partial differential
equations have been extensively studied using various methods and under a range of boundary
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conditions, as seen in Kozhanov (1999); Lesnic (2021); Ramm (2021); Iskenderov & Mehraliyev
(2013); Mehraliyev & Azizbayov (2021); Ismailov (2018); Azizbayov & Mehraliyev (2017); Ra-
mazanova & Mehraliyev (2020); Azizbayov & Mehraliyev (2019), and references therein. In
contrast, inverse problems for third-order hyperbolic equations-particularly those describing the
propagation of longitudinal waves in dispersive media with nonclassical boundary conditions-
have received significantly less attention and remain less developed compared to their second-
order counterparts (e.g. see (Megraliev & Alizade, 2019a,b)).

The purpose of this paper is to prove the uniqueness and existence of solutions of an inverse
boundary value problem for the third-order hyperbolic equation describing the propagation of
longitudinal waves in a dispersive medium with nonclassical boundary conditions.

2 Problem statement and reducing it to the equivalent problem

Let T > 0 be a fixed number and let DT be a rectangular domain defined by the inequalities
0 ≤ x ≤ 1 and 0 ≤ t ≤ T . Consider the inverse boundary value problem of identifying an
unknown pair {u(x, t), a(t)} for the following third-order hyperbolic equation (Varlamov, 1987):

uttt(x, t)− utxx(x, t) + utt(x, t)− αuxx(x, t) = a(t)u(x, t) + f(x, t) (1)

with the initial conditions

u (x, 0) = ϕ0 (x) , ut (x, 0) = ϕ1 (x) , utt (x, 0) = ϕ2 (x) (0 ≤ x ≤ 1) (2)

the Dirichlet boundary conditions

u(0, t) = 0 (0 ≤ t ≤ T ) , (3)

the nonclassical boundary condition

ux(1, t) + duxx(1, t) = 0 ( 0 ≤ t ≤ T ), (4)

and with the additional condition

u(x0, t) = h(t) (0 ≤ t ≤ T ), (5)

where α > 0, d > 0, x0 ∈ (0, 1) are known numbers, f (x, t) , ϕi (x) (i = 0, 1, 2), and h (t) are
given functions.

Definition 1. We call the classic solution of problem (1)-(5) a pair {u(x, t), a(t)} of functions
u(x, t) and a(t) with the following properties:

1) the function u(x, t) and its derivatives ut(x, t), ux(x, t), uxx(x, t),utt(x, t), utxx(x, t) are
continuous in DT ;

2) the function a(t) are continuous on [0, T ];
3) all conditions (1)-(5) are satisfied in the usual (classical) sense.

At first, problem (1)-(5) will be reduced to an equivalent problem. We will consider the
following spectral problem

y′′(x) + λ y (x) = 0, 0 ≤ x ≤ 1, y(0) = 0, y′(1)− dλ y (1) = 0, d > 0. (6)

This problem has only eigen-functions yk(x) =
√

2 sin (
√
λkx) , k = 0, 1, 2, ..., with positive

eigenvalues λk from the equation ctg
√
λ = d

√
λ. We assign a zero index to any eigenfunction

and number the remaining ones in ascending order of eigenvalues.
The following theorem is proved using an approach similar to the proof of Theorem 1.2 in

Azizbayov & Mehraliyev (2025).
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Theorem 1. Let f(x, t) ∈ C(DT ), ϕi(x) ∈ C[0, 1] (i = 0, 1, 2),h(t) ∈ C3 [0, T ], h (t) 6= 0 for
t ∈ [0, T ],

ϕi(1) +
1

d sin
√
λ0

∫ 1

0
ϕi(x) sin(

√
λ0x)dx = 0 (i = 0, 1, 2), (7)

f(1, t) +
1

d sin
√
λ0

∫ 1

0
f(x, t) sin(

√
λ0x)dx = 0 (0 ≤ t ≤ T ), (8)

and the following agreement conditions be fulfilled

ϕ′0(1) + dϕ′′0(1) = 0 , ϕ0 (x0) = h (0) , ϕ1 (x0) = h′ (0) , ϕ2 (x0) = h′′ (0) . (9)

Then the problem of finding the classic solution of problem (1)-(5)is equivalent to the problem
of determining the function u(x, t) and a(t), possessing the properties 1) and 2) of determining
the classic solution of problem (1)-(5), satisfying equation (1), conditions (2), (3) and conditions

u(1, t) +
1

d sin
√
λ0

∫ 1

0
u(x, t) sin(

√
λ0x)dx = 0 (0 ≤ t ≤ T ), (10)

h′′′(t)− utxx(x0, t) + h′′(t)− αuxx(x0, t) = a (t)h(t) + f(x0, t) (0 ≤ t ≤ T ). (11)

3 Auxiliary facts

Solving the homogeneous problem corresponding to problem (1)-(3), (10), (11), by the method
of separation of variables, we arrive at the spectral problem

y′′(x) + λ y(x) = 0 ( 0 ≤ x ≤ 1),

y(0) = 0 , y(1) +
1

d sin
√
λ0

∫ 1

0
y(x) sin(

√
λ0x)dx = 0. (12)

It is known that Kapustin & Moiseev (1997), spectral problem (12) is equivalents to spectral
problem (6) without eigen function corresponding to the eigen-value λ0 . Consequently, the
spectral problem (12) has only eigen-functions yk(x) =

√
2 sin (

√
λkx) , k = 1, 2, ...with positive

eigen-values λ k, determined from the equation ctg
√
λ = d

√
λ,and numbered in the ascending

order.
The following statements were formulated and justified in Kapustin & Moiseev (1997, 2000).

Lemma 1. The system {zk(x)} biorthogonally conjugated to the system {yk(x)}, k = 1, 2, 3, ...,
is determined by the following formula

zk(x) =
√

2(sin(
√
λkx)− sin

√
λk(sin

√
λ0x)/(sin

√
λ0))/(1 + d sin2

√
λk).

Theorem 2. The system {yk(x)}, k = 1, 2, ..., forms Riesz basis in the spaceL2(0, 1).

Since the functions {yk(x)}, k = 1, 2, 3, ..., form Riesz basics in the space L2(0, 1), then it is
known that for any functiong(x) ∈ L2(0, 1) the equality

g(x) =

∞∑
k=1

gk · yk(x), (13)

is valid, where

gk =

∫ 1

0
g(x)zk(x)dx . (K = 1, 2, ....)
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Hence we have: ( ∞∑
k=1

g2k

)1/2

≤M0 ‖g(x)‖L2(0,1)
, (14)

where M =

[
N∑
k=1

∫ 1
0 y

2
k(x)dx+ 2/

(
9d2
)

+ 2

]1/2
,M0 =

[
M + 1

d|sin√λ0|

( ∞∑
k=1

1
λk

)1/2
]
√

2.

Assume that g(x) ∈ C[0, 1], g′(x) ∈ L2(0, 1), g(0) = 0 and

J(g) ≡ g(1) +
1

d sin
√
λ0

∫ 1

0
g(x) sin(

√
λ0x)dx = 0.

Then ( ∞∑
k=1

(
√
λk |gk| )2

)1/2

≤M
∥∥g′(x)

∥∥
L2(0,1)

. (15)

Let g(x) ∈ C1[0, 1], g′′(x) ∈ L2(0, 1), g(0) = 0 and J(g) = 0. Hence we find:( ∞∑
k=1

(λk |gk| )2
)1/2

≤ m
∣∣g′(1)

∣∣+
√

2M
∥∥g′′(x)

∥∥
L2(0,1)

, (16)

where

m =

√
2

d

( ∞∑
k=1

1

λk

)1/2

.

Now assume that, g(x) ∈ C2[0, 1], g′′′(x) ∈ L2(0, 1), g(0) = 0, J(g) = 0, g′′(0) = 0 and
dg′′(1) + g′(1) = 0 . Then we obtain:( ∞∑

k=1

(λk
√
λk |gk| )2

)1/2

≤M
∥∥g′′′(x)

∥∥
L2(0,1)

. (17)

1. Denote by B
3/2
2,T [9], the totality of all functions u(x, t) of the form

u(x, t) =

∞∑
k=1

uk(t)yk(x) ,

considered in DT , where each of the functions uk(t) is continuous on [0, T ] and{ ∞∑
k=1

(λk
√
λk ‖uk(t)‖C[0,T ])

2

}1/2

< +∞.

We define the norm in this set as follows:

‖u(x, t)‖
B

3/2
2,T

=

{ ∞∑
k=1

(λk
√
λk ‖uk(t)‖C[0,T ])

2

}1/2

.

2. Denote by E
3/2
T a space consisting of the topological product B

3/2
2,T × C[0, T ] . The norm

of the element z = {u, a, b} is determined by the formula

‖z‖
E

3/2
T

= ‖u(x, t)‖
B

3/2
2,T

+ ‖a(t)‖C[0,T ] .

It is known that B
3/2
2,T and E

3/2
T are Banach spaces.
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4 On solvability of the inverse boundary value problem

Taking into attention lemma 1 and theorem 2, we will look for the first component u(x, t) of the
solution {u(x, t), a(t)} of problem (1)-(3),(10),(11) in the form

u(x, t) =
∞∑
k=1

uk(t)yk(x), (18)

where

uk(t) =

∫ 1

0
u(x, t)zk(x)dx, k = 1, 2, ... .

To determine the desired functions uk(t), k = 1, 2, ... , we apply the method of separation
of variables to equation (1), by virtue of (2), we obtain the relation

u′′′k (t) + u′′k(t) + λku
′
k(t) + αλkuk(t) = Fk(t;u, a) (k = 1, 2, ...; 0 ≤ t ≤ T ), (19)

uk(0) = ϕ0k, u
′
k(0) = ϕ1k, u

′′
k(0) = ϕ2k (k = 1, 2, ...), (20)

where

Fk(t;u, a) = fk(t) + a(t)uk(t), fk(t) = 2

∫ 1

0
f(x, t)zk(x) dx,

ϕik = 2

∫ 1

0
ϕi(x)zk(x)dx (i = 0, 1, 2; k = 1, 2, ...).

Solving problem (19), (20), we find:

uk(t) =
1

bk

{[(
γ2k + β2k

)
eαkt + eγkt [αk (αk − 2γk) cosβkt+

+
1

βk

(
γ3k + αkγ

2
k − αkβ2k − α2

kγk
)

sinβkt

]]
ϕ0k+

+

[
−2γke

αkt + eγkt
[
2γk cosβkt+

1

βk

(
α2
k + β2k − γ2k

)
sinβkt

]]
ϕ1k+

+

[
eαkt + eγkt

[
− cosβkt+

1

βk
(γk − αk) sinβkt

]]
ϕ2k+

+

∫ t

0
Fk(τ ;u, a)

[
eαk(t−τ)+

+ eγk(t−τ)
[
γk − αk
βk

sinβk (t− τ)− cosβk (t− τ)

]]
dτ

}
(k = 1, 2, ...), (21)

where

αk = α1k + β1k −
1

3
, βk =

√
3

2
(α1k − β1k) , γk = −1

3
− 1

2
(α1k + β1k) ,

bk = α2
k + β2k + γ2k − 2αkγk,

α1k =

−1

2

((
α− 1

3

)
λk +

2

27

)
+

[
1

4

((
α− 1

3

)
λk +

2

27

)2

+
1

27

(
λk −

1

3

)3
] 1

2


1
3

,

β1k =

−1

2

((
α− 1

3

)
λk +

2

27

)
−

[
1

4

((
α− 1

3

)
λk +

2

27

)2

+
1

27

(
λk −

1

3

)3
] 1

2


1
3

. (22)
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After substituting the expressions uk(t) (k = 1, 2, ...) in (18), to determine the component
u(x, t) of the solution of problem (1)-(3) ,(10),(11) we obtain:

u(x, t) =
∞∑
k=1

{
1

bk

{[(
γ2k + β2k

)
eαkt + eγkt [αk (αk − 2γk) cosβkt+

+
1

βk

(
γ3k + αkγ

2
k − αkβ2k − α2

kγk
)

sinβkt

]]
ϕ0k+

+

[
−2γke

αkt + eγkt
[
2γk cosβkt+

1

βk

(
α2
k + β2k − γ2k

)
sinβkt

]]
ϕ1k+

+

[
eαkt + eγkt

[
− cosβkt+

1

βk
(γk − αk) sinβkt

]]
ϕ2k +

∫ t

0
Fk(τ ;u, a)

[
eαk(t−τ)+

+eγk(t−τ)
[
γk − αk
βk

sinβk (t− τ)− cosβk (t− τ)

]]
dτ

}}
sinλkx. (23)

Differentiating (23) , twice, we find:

u′k(t) =
1

bk

{[
αk
(
γ2k + β2k

)
eαkt + eγkt

[
−αk

(
γ2k + β2k

)
cosβkt+

+
αk
βk

(γk − αk)
(
γ2k + β2k

)
sinβkt

]]
ϕ0k+

+

[
−2αkγke

αkt + eγkt
[(
α2
k + β2k + γ2k

)
cosβkt+

γk
βk

(
α2
k − β2k − γ2k

)
sinβkt

]]
ϕ1k+

+

[
αke

αkt + eγkt
[
−αk cosβkt+

1

βk

(
β2k + γ2k − αkγk

)
sinβkt

]]
ϕ2k+

+

∫ t

0
Fk(τ ;u, a)

[
αke

αk(t−τ)+ eγk(t−τ)×

×
[(

γk
βk

(γk − αk) + βk

)
sinβk (t− τ)− αk cosβk (t− τ)

]]
dτ

}
(k = 1, 2, ...) , (24)

u
′′
k(t) =

1

bk

{[
α2
k

(
γ2k + β2k

)
eαkt + αk

(
γ2k + β2k

)
eγkt [−αk cosβkt+

+
1

βk

(
γ2k + β2k − αkγk

)
sinβkt

]]
ϕ0k+

+

[
−2α2

kγke
αkt + eγkt

[
2α2

kγk cosβkt+
1

βk

(
α2
kγ

2
k − α2

kβ
2
k − γ4k − β4k

)
sinβkt

]]
ϕ1k+

+
[
α2
ke
αkt + eγkt

[(
β2k + γ2k − 2αkγk

)
cosβkt+

+
1

βk

(
γkβ

2
k + γ3k − αkγ2k + αkβ

2
k

)
sinβkt

]]
ϕ2k+

+

∫ t

0
Fk(τ ;u, a)

[
α2
ke
αk(t−τ) + eγk(t−τ)

[(
β2k + γ2k − 2αkγk

)
cosβk (t− τ) +

+
1

βk

(
γkβ

2
k + γ3k − αkγ2k + αkβ

2
k

)
sinβk (t− τ) t

]]
dτ

}
(k = 1, 2, ...). (25)

Now, from (21) and (24) we have:

u′k(t) + αuk(t) =
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=
1

bk

{[
(α+ αk)

(
γ2k + β2k

)
eαkt + eγkt

[
αk
(
ααk − 2αγk − γ2k − β2k

)
cosβkt+

+
αk
βk

(
(γk − αk)

(
γ2k + β2k

)
+ α

(
γ2k − β2k − αkγk

))
sinβkt

]]
ϕ0k+

+
[
−2 (α+ αk) γke

αkt + eγkt
[(

2αγk + α2
k + β2k + γ2k

)
cosβkt+

+
1

βk

(
α
(
α2
k + β2k − γ2k

)
+ γk

(
α2
k − β2k − γ2k

))
sinβkt

]]
ϕ1k +

[
(α+ αk) e

αkt+

+ eγkt
[
− (α+ αk) cosβkt+

1

βk

(
αγk − ααk + β2k + γ2k − αkγk

)
sinβkt

]]
ϕ2k+

+

∫ t

0
Fk(τ ;u, a)

[
(α+ αk) e

αk(t−τ) + eγk(t−τ) [(−α+ αk) cosβk (t− τ) +

+

(
γk + α

βk
(γk − αk) + βk

)
sinβk (t− τ)

]]
dτ

}
(k = 1, 2, ...) . (26)

To obtain an equation for the second component a(t) of the solution {u(x, t), a(t)} of problem
(1) - (3) , (10), (11) ,we substitute expression (18) in (11):

a(t) = [h(t)]−1
{
h
′′′

(t) + h
′′
(t)− f(x0, t) +

∞∑
k=1

λk
(
u′k(t) + αuk(t)

)
yk(x0)

}
.

Here, allowing for (26) we find:

a(t) = [h(t)]−1
{
h
′′′

(t) + h
′′
(t)− f(x0, t) +

+
∞∑
k=1

λk
bk

{[
(α+ αk)

(
γ2k + β2k

)
eαkt + eγkt

[
αk
(
ααk − 2αγk − γ2k − β2k

)
cosβkt+

+
αk
βk

(
(γk − αk)

(
γ2k + β2k

)
+ α

(
γ2k − β2k − αkγk

))
sinβkt

]]
ϕ0k+

+
[
−2 (α+ αk) γke

αkt + eγkt
[(

2αγk + α2
k + β2k + γ2k

)
cosβkt+

+
1

βk

(
α
(
α2
k + β2k − γ2k

)
+ γk

(
α2
k − β2k − γ2k

))
sinβkt

]]
ϕ1k +

[
(α+ αk) e

αkt+

+ eγkt
[
− (α+ αk) cosβkt+

1

βk

(
αγk − ααk + β2k + γ2k − αkγk

)
sinβkt

]]
ϕ2k+

+

∫ t

0
Fk(τ ;u, a)

[
(α+ αk) e

αk(t−τ) + eγk(t−τ) [(−α+ αk) cosβk (t− τ) +

+

(
γk + α

βk
(γk − αk) + βk

)
sinβk (t− τ)

]]
dτ

}
yk(x0)

}
. (27)

Thus, the solution of problem (1)-(3) ,(10), (11) is reduced to the solution of the system (23),
(27) with respect to unknown functions u(x, t) and a(t).

We can prove the following lemma.

Lemma 2. If {u(x, t), a(t)} is any solution of problem (1)-(3) ,(10), (11) then the function

uk(t) =

∫ 1

0
u(x, t)zk(x)dx (k = 1, 2, ...)

Satisfy the system (27).
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From lemma 2 we have the following corollary

Corollary 1. Let the system have a unique solution then problem (23), (27) can have at most
one solution, i.e. if problem (1)-(3) ,(10), (11) has a solution, then this solution is unique.

Let us consider in space E
3/2
T the operator

Φ(u, a) = {Φ1(u, a), Φ2(u, a)} ,

where

Φ1(u, a) = ũ(x, t) ≡
∞∑
k=1

ũk(t)yk(x),Φ2(u, a) = ã (t)

where ũk(t ) ( k = 1, 2, ...), and ã(t)equal to the right hand sides of (21) , and (27) respectively
Assume that the data of problem (1)-(3) , (10), (11) satisfy the following conditions:

Q1) ϕi(x) ∈ C2[0, 1], ϕ′′′i (x) ∈ L2(0, 1), ϕi(0) = 0, J(ϕi) = 0,
ϕ′′i (0) = 0, and ϕ′′i (1) + ϕ′i(1) = 0 (i = 0, 1) .

Q2) ϕ2(x) ∈ C1[0, 1], ϕ′′2(x) ∈ L2(0, 1)ϕ2(0) = 0, and J(ϕ2 ) = 0.

Q3) f(x, t), fx(x, t) ∈ C(DT ), fxx(x, t) ∈ L2(DT ), f(0, t) = 0, and J(f) = 0 (0 ≤ t ≤ T ),

Q4) h(t) ∈ C3[0, T ] , h(t) 6= 0 (0 ≤ t ≤ T ).

Accept the denotation

α2k = −1

2

((
α− 1

3

)
λ2k +

2

27

)
+

[
1

4

((
α− 1

3

)
λ2k +

2

27

)2

+
1

27

(
λ2k −

1

3

)3
] 1

2

,

β2k =
1

2

((
α− 1

3

)
λ2k +

2

27

)
+

[
1

4

((
α− 1

3

)
λ2k +

2

27

)2

+
1

27

(
λ2k −

1

3

)3
] 1

2

.

Then
α1k = 3

√
α2k , β1k = − 3

√
β2k .

Hence we get:

α1k + β1k =
∣∣∣ 3
√
α2k − 3

√
β2k

∣∣∣ =

∣∣∣∣∣∣ α2k − β2k
3

√
α2
2k + 3

√
α2kβ2k + 3

√
β22k

∣∣∣∣∣∣ ≤ 9α

2
+

11

2
.

It is not difficult to see that

|αk| ≤
9α

2
+

13

6
≡ ε1 , |γk| ≤

9α

4
+

5

4
≡ ε2 , bk = (αk − γk)2 + β2k ≥ β2k ≥ ε23λ2k .

ε3λk ≡
√

2

3
λk ≤ βk ≤ 2

3

√√√√1

2

(
α+

11

27

)
+

√
1

4

(
α+

11

27

)2

+
1

27
λk ≡ ε4λk ,

bk = (αk − γk)2 + β2k ≥ β2k ≥ ε23λ2k .

Taking into account these relations, we find:( ∞∑
k=1

(λk
√
λk ‖ũk(t)‖C[0,T ])

2

) 1
2

≤ A1(T ) +B1(T ) ‖a(t)‖C[0,T ] ‖u(x, t)‖
B

3/2
2,T

, (28)
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‖ã(t)‖C[0,T ] ≤ A2(T ) +B2 (T ) ‖a(t)‖C[0,T ] ‖u(x, t)‖
B

3/2
2,T

, (29)

where

A1(T ) = ρ0(T )M
∥∥∥ϕ′′′0 (x)

∥∥∥
L2(0,1)

+ ρ1(T )(m
∣∣∣ϕ′1(1)

∣∣∣+
√

2M
∥∥∥ϕ′′1(x)

∥∥∥
L2(0,1)

)+

+ρ2(T )M
∥∥ϕ′2(x)

∥∥
L2(0,1)

+ ρ2(T )
√
TM ‖fx(x, t)‖L2(DT ) ,

B1(T ) = ρ2(T )T ,

A2(T ) =
∥∥∥[h(t)]−1

∥∥∥
C[0,T ]

{∥∥∥h′′′(t) + h
′′
(t)− f(x0, t)

∥∥∥
C[0,T ]

+

+
√

2

( ∞∑
k=1

λ−1k

) 1
2 [
ρ3(T )M

∥∥∥ϕ′′′0 (x)
∥∥∥
L2(0,1)

+ ρ4(T )M
∥∥∥ϕ′′′1 (x)

∥∥∥
L2(0,1)

+

+ρ5(T )(m
∣∣ϕ′2(1)

∣∣+
√

2M
∥∥∥ϕ′′2(x)

∥∥∥
L2(0,1)

)+

+ρ5(T )
√
T
(
m ‖fx(1, t)‖C[0,T ] +

√
2M ‖fxx(x, t)‖L2(DT )

)
,

B2(T ) =
√

2

( ∞∑
k=1

λ−1k

) 1
2 ∥∥∥[h(t)]−1

∥∥∥
C[0,T ]

T,

Moreover,

ρ0(T ) =

√
5

ε23

{(
ε22 + ε24

)
eε1T + ε1e

ε2T

[
ε1 + 2ε2 +

1

ε3

(
ε22 + ε24 + ε1ε2

)]}
,

ρ1(T ) =

√
5

ε23

{
2ε2e

ε1T + eε2T
[
2ε2 +

1

ε3

(
ε21 + ε22 + ε24

)]}
,

ρ2(T ) =

√
5

ε23

{
eε1T + eε2T

[
1 +

1

ε3
(ε1 + ε2)

]}
,

ρ3(T ) =
1

ε23

{
(α+ ε1)

(
ε22 + ε24

)
eε1T + eε2T [ε1 (α ε1 + 2αε2 +

ε22 + ε24 +
ε1
ε3

(
(ε1 + ε2)

(
ε22 + ε24

)
+ α

(
ε22 + ε24 + ε1ε2

))]}
,

ρ4(T ) =
1

ε23

{
2ε2 (α+ ε1) e

ε1T + eε2T
[
ε21 + ε22 + ε24 +

+2αε2 +
1

ε3

(
ε2
(
ε21 + ε22 + ε24

)
+ α

(
ε21 + ε24 + ε1ε2

))]}
,

ρ5(T ) =
1

ε23

{
(α+ ε1) e

ε1T + eε2T
[
α+ ε1 +

1

ε3

(
αε2 + αε1 + ε22 + ε24 + ε1ε2

)]}
.

From inequality (28) ,(29) we deduce:

‖ũ(x, t)‖
B

3/2
2,T

+ ‖ã(t)‖C[0,T ] ≤ A(T ) +B(T ) ‖a(t)‖C[0,T ] ‖u(x, t)‖
B

3/2
2,T

, (30)

where
A(T ) = A1(T ) +A2 (T ) , B(T ) = B1(T ) +B2 (T ).

Thus, we proved the following theorem.
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Theorem 3. Let conditions Q1)−Q4) be fulfilled, and

B (T ) (A (T ) + 2)2 < 1. (31)

Remark 1. The inequality (31) is satisfied for sufficiently small values of T .

Then problem (1)-(3), (10), (11) has a unique solution in the sphere

K = KR

(
‖z‖

E
3/2
T

≤ R = A (T ) + 2
)

from E
3/2
T

Proof. In the space E
3/2
T we consider the equation

z = Φz, (32)

where z = {u, a}, the components Φi(u, a) (i = 1, 2) of the operator $ (u, a) are determined by
the right sides of equations (31), (32) , respectively.

Consider the operator $ (u, a) in the sphere K = KR from E
3/2
T . Similar to (30) we obtain

that for any z = {u, a}, z1 = {u1, a1}, z2 = {u2, a2} ∈ KR the following estimations are valid:

‖Φz‖
E

3/2
T

≤ A(T ) +B(T ) ‖a(t)‖C[0,T ] ‖u(x, t)‖
B

3/2
2,T

, (33)

‖Φz1 − Φz2‖E3/2
T

≤ B(T )R

(
‖a1(t)− a2(t)‖C[0,T ] + ‖u1(x, t)− u2(x, t)‖B3/2

2,T

.

)
. (34)

Then, allowing for (31), from estimates (33), (34) it follows that the operator Φ acts in the
sphere K = KR and is compressive. Therefore, in the sphere K = KR , the operator Φ has a
unique fixed point {u, a}, that is the solution of the equation (32), i.e. it is a unique solution of
the system (23),(24) in the sphere K = KR. Similarly to Khudaverdiev & Veliyev (2010), it can
show that the function u (x, t) is continuous and has continuous derivatives ux(x, t), uxx(x, t) ,
ut(x, t), , utx(x, t) , utxx(x, t) , utt(x, t) , uttt(x, t) in DT .

It is easy to verify that equation (1), conditions (2), (3) and (10), (11) are satisfied in the
usual sense. So, {u(x, t), a(t)} is the solution of problem (1)-(3), (10), (11). By virtue of the
corollary of Lemma 2 it is unique in the sphere K = KR. The theorem is proved.

By means of Theorem 1, a unique solvability of the input problem (1)-(5) follows from the
last theorem.

Theorem 4. Let all the conditions of Theorem 2 be fulfilled, and

ϕ0 (x0) = h (0) , ϕ1 (x0) = h′ (0) , ϕ2 (x0) = h′′ (0)

Then problem (1)-(5) has a unique classic solution in the sphere

K = KR

(
‖z‖

E
3/2
T

≤ R = A (T ) + 2
)

from E
3/2
T .

5 Conclusions

In this paper, the existence and uniqueness of the solution to a third-order hyperbolic equation
describing the propagation of longitudinal waves in a dispersive medium with non classical
boundary conditions are studied. First, the original problem is reduced, in a certain sense, to an
auxiliary inverse boundary value problem. Then, using the Fourier method and the contraction
mapping principle, an existence and uniqueness theorem for the auxiliary problem is proven.
Finally, based on the equivalence of the two problems, the existence and uniqueness of a classical
solution to the original inverse coefficient problem are established.
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