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1 Introduction

Consider the energy-dependent Schrodinger equation.

—y" + q(z)y + 2Xp(x)y = Np(x)y , 0 < < 400, (1)
where
($) _ 17 T > a,
p\L) = a?, 0< z<a,

a#1,a>0,a€ (0,+400), Ais a spectral parameter, ¢(x) and p(x) are real-valued functions

such that
—+oo —+o00

/ (1+ |2) (jg(2)]) di < +oo, / Ip(2)] dz < oo ()

0 0
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and p(z) € BC|0,+00). Here BC|0,+00) is the space of bounded continuous functions on the
half line [0, 400).

Equation (1) arises in quantum scattering theory as part of solving an inverse problem related
to the massless Klein-Gordon equation with a static potential (see|Cornille| (1970)), [Kaup| (1975)),
Weiss & Scharf] (1971)). Many other physical scattering scenarios also reduce to this equation—
for instance, problems in absorbing media within transmission line theory, electromagnetism,
and elasticity (see|Jaulent| (1976))).

In spectral theory, particularly concerning Sturm-Liouville and Dirac operators, the method
of transformation operators has been foundational for inverse spectral and scattering problems
on both finite and infinite intervals. Initially introduced by V.A. Marchenko Marchenko (1950),
Marchenko (1955), Marchenko| (1986), the method was later expanded by Faddeev, Levitan,
Gasymov, Gelfand, and others Faddeev| (1958), Faddeev| (1959), Gasymov, (1964), |Gasymov
(1968), Gasymov & Guseinov| (1989), Gasymov & Levitan (1966), Gelfand & Levitan| (1951)),
Levitan (1979), Levitan & Gasymov (1964)), leading to substantial advancements in the field.
These contributions notably propelled the development of inverse problems, especially the full-
line inverse scattering problem for the one-dimensional Schrodinger equation. For detailed dis-
cussions, see [Chadan & Sabatier| (1977), Deift et al.| (1979)), |Guseinov| (1985), [Levitan| (1975),
Levitan| (1987), Marchenko, (1986]). Let us also note that in recent years these fundamental
studies have been followed up by applying them to operators with different singular potentials
and parameter-dependent boundary conditions (Chitorkin et al., 2025; Kuznetsova, 2023).

The full-line inverse scattering problem for an energy-dependent (or generalized) Schrédinger
equation, as an extension of the Marchenko approach, was first explored by Jaulent and Jean
Jaulent| (1976), Jaulent & Jean (1976), and independently by Kaup |[Kaup, (1975) in the context
of nonlinear evolution equations (see also (Chadan & Sabatier| (1977)), |Cornille (1970)), Weiss
& Scharf| (1971))). Subsequently, the same class of equations considered by Kaup was further
investigated in Tsutsmi (1981) by reducing the inverse problem to one involving a matrix-
valued, energy-dependent Schrodinger equation. A more systematic approach was later offered
by Maksudov and Guseinov Maksudov & Guseinov| (1986), Maksudov & Guseinov| (1989) for
the case p (x) = 1, where they addressed both the direct and inverse scattering problems for Eq.
(1), assuming the absence of a discrete spectrum. Their method enables the reconstruction of
the potential functions ¢(x) and p(x) from scattering data. More recently, the half-line inverse
scattering problem for Eq. (1) with p(x) = 1, and without requiring differentiability of p(x),
has been studied in Kamimura| (2007), Kamimura| (2008). It is remarkable to note the study
of Hyrnyv et al. (2020) and Korotyaev et al. (2023) where the inverse scattering problems for
energy dependent Schrodinger equations are considered on the half-line with integrable potentials
p(z), highly singular potentials ¢(x), and some boundary conditions at the origin. Related direct
and inverse spectral problems have also been tackled in a series of influential papers |Gasymov
(1964), Gasymov| (1968)), Gasymov| (1982), |Gasymov & Guseinov| (1981)), Gasymov & Guseinov
(1989), (Gasymov & Levitan (1966]), who made notable contributions to the spectral theory of
ordinary differential operators.

Recent works have shown that Sturm-Liouville operators with piecewise constant coeflicients
or internal discontinuities allow for integral representations of their special solutions, analogous
to transformation operators (Guseinov et al., 2002; Huseynov et al., 2013; Nabiev et al., 2015;
Nabiev et al., 2020). This has revitalized interest in inverse problems for such operators us-
ing modified Marchenko-type methods. On the half-line, the inverse scattering problem for
Sturm-Liouville equations with piecewise constant coefficients was addressed in [Darwish| (1994),
Gasymov| (1977), where the interval [0,00) was split into [0,a] and [a,c0) to facilitate the so-
lution. Further treatment was provided in |Guseinov & Pashaev| (2002) and Mamedov] (2010)),
which derived new integral representations for the Jost solutions of the Schrédinger equation
and applied them to inverse problems. The inverse spectral problem for second-order differential
operator pencils on the half-line with turning points has been analyzed under certain smooth-
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ness conditions for complex potentials in [Yurko| (2006). Additional work on the real line, as in
Mamedov & Nabiev| (2019), revealed that discontinuities in p (x) significantly affect both the
form of the Jost solutions and the integral equations central to the inverse problem (see also
Mamedov & Cetinkaya/| (2015), Mamedov & Kosar| (2011))).

The work in Nabiev & Amirov] (2015]) considered Eq. (1) on a finite interval under given initial
conditions and derived integral representations for two linearly independent solutions. Studies
Nabiev]| (2024]), [Nabiev & Ciicen (2023)) focused on the full-line inverse scattering problem for Eq.
(1), while |[Nabiev (2014) explored both direct and inverse problems for Eq. (1) with p(z) =1
and internal discontinuities on the real line.

In this paper, we examine the Sturm-Liouville quadratic pencil (1) with the discontinuous
coefficient, assuming potential functions belong to class (2). In Section 1 we construct the
integral representation for the solution satisfying the Jost condition at infinity and investigate
the properties related with the coefficients of the equation (1) and the kernel function of the
integral representaion. In Section 2 we study the solution of the initial value problem for the
equation (1) with locally integrable potential functions, which has an important role in the
investigation of the inverse problem. Finally, in Section 3 we give a new integral representation
for the Jost solution of the equation (1) under integrability conditions (2) and the boundness
condition on the function p(x), and prove some interesting properties for the kernel function
which can be also applied to the solution of the inverse scattering problem for the equation (1).

2 Integral representations for solutions

Let f(z,A) be solution of (1) satisfying the condition at infinity

lim f(z,\)e ™ = 1. (3)

T—00

The solution f(x, \) will be called the Jost-type solution of the equation (1). If ¢(z) = p(z) = 0,
then the Jost-type solution is

fo (2, A) = rH(z)e™ @ 4= () @), (4)
where

ph(z) = =+ p(x)+a(1¢m),

T:tl' = 1 1 .
) 2<li p<w>)

Then it is easy to show that the Jost solution f(x,\) is the solution of the integral equation

o0

F@) = fole) + [ @,t,3) (t) + 201 (N, (5)
where
(I‘(x, t, /\) _ f[) (.CC, )\) fo (t, —)x)z;\fo (t, )\) f() (a;, —)\) : " 2 -
By using (4) it is easily obtained that
Bt ) = p(a, ) AT o psinde (@) (©)

A A

where

pr(z,t) = > and o (z,t) = pt (1) — p (2).

1 1 1
- +
2 (x/p(w) Vo (t)
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We have
2D (z, £, \) e ) = pE(z 1) [eik(%i(t)w*(w)) _ ei/\;ﬁ(z)} -

P (@, 1) {ei/\(%i(t)w‘(x)) _ eiAu*(x)} . (7)
The formula (6) is also written as
2p7 (1) —pt () 2p (1) —p~ (x)
O (z,t, )\)ei’\“i(t) = %pi(x,t) / eMds — %ij(m,t) / eods. ()
pt(z) p(x)

Now consider the integral equation (5) and let us make the substitution
Fla,A) = R (2)e™ @) 4 R (2)e™ @ 4 2(z, \), 9)
where R*(z) will be defined later and z(x, \) is a new unknown function. We have

Rt (2)e™ @) 4 R (2)e™ @) 4 z(2, ) = rH(2)e™ @) 4 (z)eM @) 4
/(I)(:v,t, Mg (t) [R+(t)eiku+(t) +R(t)emf(t)] s

T

2)\/@(:15,75, Ap (1) [R+(t>ei>\u+(t) +R(t)ei/\m(t)] di+

o0

/ B, t, \) [q (£) + 20p (1) 2(t, N)dt. (10)

xT

Taking into our account the formula (7) and the second integral in the right hand side of the
equation (10) we require

Rt (x)ez‘k;ﬁ(m) + R (x)eiku_(m) . (:E)eiA#Jr(a:) e (x)ei)‘“_(m)+

00 o)

it (@ / p(t) RY (t)p* (z, t)dt — ie™ () / p(t) RT(t)p™ (x, t)di+
0 [e.e]

i (@) / p(t) R~ (t)p~ (x, t)dt — e @) / p(t) R (t)p" (z,t)dt

to be satisfied. Obviously, the last equality will be satisfied if we choose

o0 [e.9]

R (z) =rF(z) i /p (t) RT(t)p™ (x, t)dt + i /p (t) R~ (t)p™ (z,t)dt. (11)

T T

From (11) we immediately have

ioos n(tta) 2 gt
RE(z) = rE(x)e [ Vo)

Then from the equation (10) we find for the unknown function z(z, \) defined by (9) the integral

equation
oo

z(w,\) = /Q(x,t,)\)q(t) [RJF(t)eiM*(t) 4R (e O] g

T
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g / pt(x, t)p () R (£)eA T O-rn @) gpy

i [ p(x,t)p (t) R (£)ePCH O=n" @) gy

i [ Pt tp (t) R (8)ePNH 00 @)gpy

i / P (@, p () R~ (1)@ 01 @)gpy

/ B, t, \) ([q (1) + 22p (1)) 2(t, \dt. (12)

If z < a, then p~(z,t) = 0, p*(x,t) = é, when t < a and p*(z,t) = a4 ,when t > a, where
a4 = %(1 =+ é) So in the case z < a we have the following expressions for the known integrals
in the right hand side of the last equation:

/ x,t, \)q {R*( Je it (t) _i_R—(t)ei/\;f(t)} dt —

p(z) a a
/ S / ()R (s)ds + — / (s)R~(s)ds+
2c 1 2a 1
pt(x) a+t—u2;(z) at ;ﬁ'éz&)—t

ttu— ()
2

a;/(J(S)R+(5)d3—a2 / q(S)R+(S)dS M Gt

/ % / ds+7 / q(s)R*(s)ds e,
f+u+(7) w
/ p* () (1) R (1) (01" () gy
p ()
— t—p () Lt ()
20 / ( 2a ta)lTat 2a dt
nt(z)
tat [ ttpt (@) Lt T ()
p ()
i [ 0@ RE @O g 2 0 [ ) e LT
' o (a)
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—i/p_ (z,t)p(t) R~ (t)ei/\(%*(t)—u*(w))dt =0,
b (z)

- t= i (@) ey (@) ine
507 /p(a 5 )R (a o e dt.
pt(z)

Substituting last equalities in Eq.(12) we have

U / pH (@, t)p (t) R~ (£)e™@ 0= @) gy =
—ut
(e

(3, \) = / Ko, )M dt + / B, t, \) ([ (t) + 22p (8)]) 2(t \dt, (13)
W @) v
where
Kol(w.1) = i / o(s) B (s)ds + i / als) B (s)ds + &F / o(s) B (5)ds—
t+u;(ﬂc)
Oé?_ / q(s)R™ (s)ds — %‘ézp(a + top @) ga (=) YR (a + top @) ga () )+
i —ut(x —ut(x
gt~ 5 R (o= i)
e e () gy <t < (@), 05 e <a
and - -
Ko 1) = % / (s R (s)ds + % / o(s) B (5)ds—
t+ut(x) t+p— (x)
iO;rp(t‘f‘,u; (a:))RJr(t—i—lu; (ac)) B io;_p(t+u27 (ac))RJr(t—i-,u,2 (a:))’t >y (@), 0<z<a

Now we require that the integral equation (13) has a solution
)

z(x, \) = / K (z,t)edt,
pt ()

where K(z,t) is an unknown function. Substituting this expression for z(z, A) in the equation
(13) we have

[e.e] o

/K(:U,t)ei)‘tdt: / Ko(z,t)edt+
wt(x) (@)

o0

/ g (£) + 22p (1)) dt / K(t, 5)®(z, t: A)e™ds. (14)
£

z H
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Further using (7) and (8) again we can transform the second integral in the right hand -side of
Eq. (14) to form of the integral standing in the left hand-side of Eq.(14). Namely we have

o - p () a t+a(s—z)
/q(t)dt / K(t,8)®(z,t; \)ePds = / et % / q(s)ds / K(s,&)dé+
z pt(t) pt(x) attou @) wt(s)
at =t @) t+a(s—) 00 t+s—ut(x)
e [ i [ Keods S [awas [ KG9
x t—a(s—x) a s
tp— (@)

2 t—s+p~ (2)
G awds [ Ko

t+ut
Hf(w) t+87,u‘+($)

/ei’\tdt S / o(s)ds / )K(s,g)d5+0‘2+ / ¢ (s)ds / K (s, €)de+

t—a(s—zx) a t—s+ut(z)

t+s—pt(z) n- t—s+u~ (x)

and

) oo p () at—sg

22 / P (1) dt / K(t, 5)0(z, t: e ds — / ¢iM % / p()K (5,1 — a(s — a))ds—

z pt(t) pt(z) x

% p(s)K(s,t+ a(s—x))ds + iy /p(s) K(s,t+s5—p* (z))ds —

t+p (x)

10—

p(s)K(s,t —s+p (z))ds+

S —,

7 Z)‘tdt|:1/p( VK (s,t — a(s —x) ds—/ K(s,t+a(s—x))ds—
p(z)

t+;4+ (z)
2 o0

iy / p(s)K(s,t—s+u+(m))ds+ia+/p(s)K(s,t+s—/ﬁ(x))ds—

a a
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t+p (x)
2 oo

i / p(s)K(s,t —s+u~ (:U))ds+ia_/p(s)K(s,t+s—,u_ (x))ds

a a

Taking into out account the last two equalities in the right hand-side of Eq.(14) we obtain the

following integral equation for the determination of the unknown kernel function K (xz,t)(0 <
r<a):

a t+a(s—x)
K1) = Koo, 1) + 5 / 4(s)ds / K(s,€)de +

a+t7“7(z) pt(s)

a+t_”2;(x) t+a(s—z) 00 t+s—pt(z)

2104 / q(s)ds / K(S,&)d£+a2+/Q(8)d5 / K(s,&)dé—

t+/,1.2_(z)
ian | p(s)K(s,t—s+p (@)ds, gt (@) <t<p (2), (15)
a t+a(s—z) w t+s—pt(z)
1 Q
Kot = Koty + oo [aas [ Ko+ [ o [ Keode
x t—a(s—x) a t—s+ut(z)
- ts—pt (@) b (@) L=t~ (x)
oy o
s [ e [ ksox-5 [ e [ K
w;m s a t+s—p(2)
o0 ts—n~ (2) b o) ts—pu(z)
o[ e [ keowrS [ oawa [ Ko
b (=) s p () t—s+u(2)

% p(s)K (s,t — a(s —x))ds — % /p(s)K(s, t+a(s—x))ds—

t+;4+ (z)
2 o0

- / p(s)K(s,t—sﬂﬁ(a:))ds+m+/p(s)f(<s,t+s—w(x))ds—

a a

t+up (x) o

ia_ / p(s) K (st — s+ i (m))ds—i—ia_/p(s)K(s,t—i—s—/f (2))ds,t > j— (2). (16)

a
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Analogously, if > a then Eq. (13) has taken the form

[e.e]

2(xz, \) = /Ko(:r,t)eutdt + / O(x,t, M) ([q(t) +2Ap (2)]) 2(t, N)dt, (17)

T

where

Ko(z,t) = % / q(s)R™ (s)ds — %p(m ;_ t)RJr(

x+t
2

Seeking the solution of the form
z(z,\) = /K(m,t)ei)‘tdt

for the integral equation (17) we have

o] t+s—x

K(z,t) = Ko(z,t) + ;/q(s)ds / K(s,&)dé—

T t—s+x

x4+t
2 oo

z'/p(s)K(s,t—s—i—x)ds—i—z'/p(s)K(s,t—i—s—x)ds,x>a. (18)

x x
Now by the method of successive approximation it is easy to prove the following theorem.
Theorem 1. If the conditions (2) are satisfied then the equation (1) for all A from the closed

upper halfplane ImX > 0 has the Jost solution f(x,\) satisfying the condition (3) at infinity can
be represented in the form

+oo
flz,\) = Rt (z)e™M (@) 4 R ()™ @) / K(z,t)eMdt, (19)
—pt(2)

where

i (2) = Fv/p (@) +a (17 Vo @) |

ioos n(t+a) LY dt
RE(z) = r¥(x)e zf ) o , rE(x) _1 1:|:#
2 p (@)

and the kernel K (x,t) satisfies

+00 -
t)—p(2))|q(t)|+[p(t)[]dt
/ K (o, ) dt < Cp | 2 MO HE0ROIE
—pt(2)

with Cy > 0.

From the integral equations (15),(16) and (18) we immediately get the following relationships
between the kernel function and the coefficients of the equation (1).
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Theorem 2. The function K(z,t), where x > 0 and t > p* (x), is continuous at t # p~ (z),
x # a and the following relations are satisfied:

K (z,p" (2)) =
1T 4 L ) ipla) i
R+(x){2/< ORI p(s>)ds‘2p<w>‘

+00 9
K (z,p1” () 4+ 0) = K (z, 4~ () — 0) R~ (x) { / (\j% + p (s])) (8; (s)) sgn(s — a)ds—

2
ip(x) i 1
- +- |1+ pla) p. 21
Note that from the integral equations (15),(16) and (18) we obtain that if p(x) is a differ-
entiable function then the function K (x,t) has its first order partial derivatives with respect to
each argument when t # p~ (z) and x # a. We also have provided that if ¢(z) is differentiable

and p(z) is twice differentiable, then the kernel function K (x,t) satisfy the partial differential
equation

N | S
VR
—_
|
|| =

o)
~_
no
=
—~
S
N—
———
™
(@)
N—

N | =

Dme(x7 t) —-p (J?) DttK('rv t) = q(ﬂj‘)K(l‘, t) + ZZp(x)DtK (l‘, t) (22)
for all t # p~ (z) and z # a. In this case from the relations (19), (20) and (21) we have

%(K(w,u(x))e‘“(@):—i <1+ ! )( i@ P +7:p,(x)>, (23)

\/p () \/p (x)  p(x)/p(x) p(z)
% ((K+(x, —p(z) +0) — Kt (2, —p(x) — 0)) e—i(2w(a)—w(gg))> _
L PR @) P e
4 (1 p(m)> ( () + ENICEY, x)> , (24)
where .
w(x) = p(t) dt.
« / NG (25)

By setting Re K (x,t) = A(x,t) and ImK (z,t) = B(x,t) from (23) and (24)we obtain

1 1 p’(z)\
2/n (@) (H P(x)> <q($)+p(w>>_

2% [A(z, pt (z)) cosw(z) + Bz, pt (z)) sinw(z)] , (26)

+oo

wh(z) = / (1 +/p (t)) [A(t, p* () sinw(t) — B(t, ut (t)) cosw(t)] dt—

T

+

o0

(1 - \/,o(t)> [PA(t, 1™ (£)) sind(t) — PB(t, ™ (¢)) cos & (t)] d, (27)

8

where Pg(t,z) = g(t,z+0) — g(t, z — 0) denotes the jumping of the function g(¢, z) with respect
to z and w(x) = 2w(a) — w(x).
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Theorem 3. If q(x) is differentiable and p(x) is twice differentiable, then the kernel function
K(x,t) satisfies the partial differential equation (22) with conditions (23) and (24) where w(x) is
defined as (25) . Moreover, equations (23) and (24) imply the relations (26) and (27) respectively.

The results of this theorem we will use in another paper.
3 Solution of the initial value problem

Now we consider the solution ¢(x, A) of the equation (1) with initial conditions

©(0,0) =0,4'(0,\) = 1.

Then .
P(.0) = ool ) + [ S(a N a(t) + 200 elt, Ve, (28)
0
where
sin adx
et 0<z<a
A = a\ =Y =" .
300($7 ) { o sin A(x—)i\-aa—a) +a_ sin )\(z;aa—a)’ T > a,
with 1 1
=—(1+—
ay =5(1£-)
and )
smoz)\(xft)’ 0<t<ux<a,
S(z,t,\) = sinAz—pt(8) 4 Mot 0 <t < a <,
w, a<t<uw.
Clearly
2\l @ A

1( 1 _1) sin \(u~ (x) — 57 (0))

and . + i n
R AL LD R

ix, == +
et =\ ew Vo

We seek the solution of equation (28) in the form of

v(z)
oz, A) = wolx, \)ho(z) + 1 / (P(x7t)€i)\tdt7
2¢/p(z) o

where
1( . - ) and o (z,1) = i (2) — i (1),

(29)

where v(z) = x+/p (z) + a(a — \/p (x)), 1o(x) is a solution of 1y = q(x)ip satisfying initial
conditions
$o(0) = 1,¢(0) = 0

and jump conditions at z = a
Yo(a™) =2 —1o(a”) +ay'(a”), ¥'(a™) =0. (30)
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If 0 <z < a, then we have

ax

| 1 |
o)) = Ly (0) 4 - / B, t)c N dt

—Qaxr

(see Kamimura| (2008)), where

ar—t azr+t
2 2
ar —t ar+1
o) = [ (5t s )aues— [ (U5 s ) atsntsis-
- -0
az+t az+t azr—t
2a 1 2a 2
é / p(s)o(s)ds + — / du / q(u+v)®(u+v,a(u—v))dv—
ar—t —0 —0
2
ax+t
) 7 ar —t ar —t ar —t
= i) - " _
” / p(u + 9 )P (u + 5 <u o >)du+
0

[e]3

z—1
2
t t t
/p(ax—i- +v)¢)(am+ _’_U’a(aar—&- —v>)dv
2c
0

7
« 2 2a

is a continuous function with boundary values

O(x,ar) = —o(z)+ exp ;i/p(s)ds ,

O(z,—ar) = —io(r)+exp ;/p(s)ds
)

Consider more complicated case x > a. Writing the formula (29) in the integral equation (28)

we have
r+oaa—a

pole @)+ [ BNt = ol N+

—r—aa+ta

/a <a+ sin Az ; p () +a_ Sin M@ ; N_(t))> [q(t)+
0

at

in a\t 1 -
2p(t)] SH;C; ¢0(t)+w/¢(t,s)e’>‘sds +

—at

x t+aa—a

[ =D g0+ oxpi0)] [utt o0+ 5 [ @) ar

a —t—aa+ta

Note that .
Yo(x) =14+ /(x —5)q(s)Yo(s)ds,0 <z < a.
0
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We transform right hand-sided integrals in the equation (31) by the following manner:

i sin \(z — pt (¢ sin \(z — p~ (¢ sin a\t
P P e e CER ) AT
0
a [ x—pt () —at ut(t)—at—z
m;/q(t)¢o(t) / ePMods — / eMods| +
0 [r—pt(t)+at putt)+at—z ]
. a [ z—p= (t)—at uw () —at—z T
m; iAS Y _
4a)\/q(t)wo t / ds eds| =
0 lz—p (t)+at p(t)+oat—z ]
) T a —
(10% ;
Zm;;\/el)‘tdt / q(s)o(s / et q(s)Yo(s)ds—
o wé—t

i ] o

where 1 = x + aa — a and 9 = x — aa — a. Further,

—x1

a

Jo = 2/ (g sinA(z — (1)) + a_sin Nz — p~ (¢))) p(t)

0

W+ / SN /
t— 12

sin \(x — p*(t))

ds+ /

—x1

a

sin \N(z — = (t))

a

20

ds+4 3 /ei’\tdt / q(s)vo(s)ds

T+t

sin a)\t

Yo(t)dt

p(s)bo(s)ds—

ds+ 2a /ei’\tdt / p(8)o(s)ds

T+t

2a

e

) ()

at

—at

Nz—pt () +s) _ giM—a+ut(t)+s)

ds+

A=+~ () +s)

ds =

g(t)dt /

at

—at

d(t,s)ds

D (s,&)dsde+

A B A
0
a at
ay e
4a/q(t)dt/(1)(t,s) B
0 —at
a at
o eiM@—p~ (t)+s) _
— )
= [awi [ oy =
0 —at
a at z—pt(t)+s a
% ()dt/ (¢, 5)ds el“fdwo‘a/
0 —at —xpt(t)+s 0
1 a z—pt(s)+t
Z—; / e’)‘tdt/q(s)ds
1 0 —z+ut(s)

1 ,
M/@(t,s)e”‘sds:
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2y o ™ (s) 4
Z‘; / M dt / q(s)ds / O(s, €)dsde,
107

—z1 0 —z+p—(s)+t

where we suppose ®(z,t) = 0 for |z| > «alt|

. Note that if 20 = x — aa — a < 0, then the last
integral is changed as

ot () z—p~ (s)+t
O‘; w\tdt / / D(s,€) dsd§+ — / oMt / / (s, &)dsde.
e ()t —wtp (s)+t
The next integral is
F at
Jy = ;/ (agsinA(z — () + a_sin Mo — p~ () p(t)dt / B(t, 5)eds =
0 “at
.
za+/ oM gt / s,t—x+ pt( d3+ oM gy (5.t 4+ 2 — it (s))ds—

X1 a . —x2 a
Z;/e”tdt / p(s)®(s,t —  + i (s))ds + Z;“—* / Mt / a(s)®(s,t +x — p(s))ds.
(6% (6%
T2 t—xzo

—x _z2 +t
2a

Further, since

uU—v u+v
sin A\usin \v cos A (u —v) —cosA(u+wv) i s i s
3 = o =1 / e"ds — — / ds

we have

T

T :/Wq(t)wo(t, )tho(t)dt :/M;U_t)q(t)wo(t) [a+sin)\(t+aa—a) N

A
A( ) x r—aat+a—2t
sin A(t — aa — Loy i
_ dt = t t)dt S ds—
e a =S [awvanar [ s
a —r—aa+ta
) x rt+aa—a T r+aa+ta—2t
o eirs ta— iAs 7.
o [aowma [ evase I [awueoa [ s
a —z+aa—a+2t a —x+aata
’L'O(; iAS _
o [ [ s
a —r—aa—a+2t
) T2 2 ta T 2 4a
04 it oy AL
o[ [ a5 [N [ asisdss
—T1 a —xo a
. x Hta T2 At ta
10— it _ho it
[ [ awueas- T [ e [ g
—x9 a —x1 a
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Js =2 [ sin AN(z — t)p(t)wo(t, \)ho(t)dt =2 | sin Nx — t)p(t)o(t) | sinA(t + aa — a)
A

. . 2 x2T_t+a
a_sln)\(t —)\oza—a):| dt2m7+ / et dt / p(s)%(s)ds_
—x1 a
oo 2 +a S R
'W;/ei)\tdt / p(s)%DO(S)derw;/ei’\tdt / p(s)¢o(s)ds—
o a T2 ¢
. *2 %"r@
ZO‘T— / et / p(s)to(s)ds,
iy a
z t+aa—a
pek / A0 4y / B(t, 5)eNds =
p —t—aa+a
. ttaa—a sta— sta—t
i/q(t)dt / O(t, s)ds / Médg_/ mdt/ s / e
J I ot s—z+t

where it is supposed ®(z,t) = 0 for |t| > © + aa — a = z;. Finally we have

x t+aa—a
Jg = /sin Az — t)p(t)dt / B(t,s)eNds =
a —t—aata
x P x 2 —2a—12
% p(t)dt / d(t,s —x +t)eds — % /p(t)dt / B(t, s+ —t)eds =
a z2—2t+2a a v
1 x x
% / et / p(s)®(s,t —x + s)ds — / p(s)®(s,t +x — s)ds
1 max(a,“2" +-a) max(a, "2 +a)

Now using integration by part we find

Jp=— 2)\ ’A“/SQ( )bo(s) ds— / Mt / < xl_t) q(s)vo(s)ds+

7:Ck7+ —iAT1
o / a(s)o
0

a

ds— — /
me“‘“/ q(s)vo ds+ / Mt

2\

( e LO

0

)

= —zkxg/sq @ZJO ds—I—— / z)\td / < x2+t> q(s)d}g(s)dsdt,
0

—x1 +
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therefore
a 1 a
« . xry — 1t
J1 = vo(z, )\)/ (s)qbo(s)ds—;/eMtdt / (s— 12(1 >q(s)1/)g(s)ds—
0 T2 xéft
—x9 a
a+/ z)\tdt/ <8_961+75> (5)o(s)ds+
2 2
—T1 x1+t
2a
T a ;
o it =T
: /e dt/ <s = ) (s)b0(s)ds+
9 t—xzg
2«
- 72 Ay /a s+ 22 ad (s)wo(s)ds
2 20 0
—x x9+t
2a
Similarly,
T z2 IQT%JFG
a A x9 —t
Js = @o(x, \) / (x —s)q(s)o(s)ds — % / Mt / < 22 +a— s) q(s)o(s)ds—
a —T1 a
1 IQT“MI ;
G [ [ (B v a—s) atsun(spas-
2 2
—x2 a
T2 zl;t"‘“
_ ) t
5 / gy / <"“"1 e s> a(s)o(s)ds—
—T1 a
- x127t+a
O“/emdt / (1_t+a—s>q
2
—x2 a

Taking into our account the equation (32) suppose that 1o(x)(z > a) satisfies the equation

a x

Po(z) =14 /sq(s)wo(s)ds + /(x — 8)q(s)vo(s)ds (x > a).

0 a

Since
a

/sq(s)wo(s)ds = /sw”(s)ds = sp(s) |6 — /wé(s)ds = aypy(a) — o(a) + 1
0 0

0

we have
X

do(w) = 2+ avh(a) — dola) + / (z — s)a(s)bo(s)ds (z > a).

a

Clearly, 1o(z) is the solution of the equation 11)3 = q(x)tg (r > a) satisfying jump conditions
(30). Finally, considering the equation (31) and expressions for right handed integrals from
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J1 to Jg we find that (28) is a solution of (31) when = > a if and only if the kernel function
®(x,t) (r > a)satisfies the following integral equation:

Lo = / (s—””;;‘t>q<s>wo<s>ds+o‘2‘ / <3+x22;-t>q<s>%<s)ds+

xq+t

xo+t
2a 2a
o : ¢ B t
iay ia_ o Tt _
oo [ st 5 [ pmieas -5 [ (25 vans) atouos
@i+t _@ott a
2« 2«
S 2
o_ 1+t 1o’
5 / ( 12 —i—a—s) q(s)wo(s)ds—l—TJr / p(s)vo(s)ds—
. St ta e as
To_ o
S [ peweds+ S [ awis [ osoder
a 0 —as
t+x1—as a t+xo+tas
[ sy o5+ G- [ als)d D (s, E)d¢ +
1o q(s)ds s, 1o q(s)ds s,
r1+t —as _zott —Qas
2a 2a
1 +z22_t t+x—s 1 x t+x—s
1 s [ ety [ awas [ et
a —s—aa-+ta at zz;t t—x+s
a a
[ ) D(s,t+ a1 — )d+'“‘/ (5)®(s, £ + 22 + as)ds—
Z2a p(s)P(s, 1 — as)ds 2204 p(s)P(s, To 4+ as)ds
xq+t _zatt
2a 2a
% / p(s><1>(s,t—x+s)ds+;/p(s)¢(s,t+x—s)ds,
z227t+a a
—r <t< —T2, Ty > 0, (33)
1 1227t+a t
o To —
grn =5 [ (25 s s)aoalis-
e
e / T2t +a—s)q(s)o(s)ds—
2 2
z127t+a Dt
_ —t _ t
- / T +a—s q(s)¢0(s)ds—a— / Z1 +a—s|q(s)o(s)ds+
2 2 2 2
122_“"“ x2T+t+
1oy (Xe"
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1o 1o
5 / p(s)wo(s)ds—T / p(s)Yo(s)ds+
a as T t+x—s
1 1
o [ooas [esoary [ awas [ et
0 —as at 1242r|t| t—x+s
o221 staa—a at+ 224

min(s+aa—a,t+z—s)

i / q(s)ds / @(s,fg)dgjt% / q(s)ds / O(s, §)dE+

a —s—aa+ta at IQ;HI max(—s—aa+a,t—x+s)

T x

% / p(s)®(s,t +x — s)ds — % / p(s)P(s,t —x+8)ds, —xa <t<wza, (34)

5 fa - ta
Loz, 1) = -2 a o= LY ls)wo(s)ds + = a o= LTI o (s)ds—
g W H =T 2 ) W0 2 20 ) 10
o1t t=p
2a 2a
oy o _
S plyn(o)ds — o= [ plsyun(s)ds
r]—t t—z9
2a 2a
ZQTH—HL zl;t—i-a
+t _ -
oL (B a5 [ (T e s)atounteas -
IQT-H"" x12_t+a
1 10—
so [ s+ [ peus)dss
xq—t
2a as
T [ atsias [ et
o q(s)ds s,
0 —as
‘“a()d i o )d+0“a()d i B(s, £)de +
[ ats)as s.0de+ T [ als)ds 5, )
z1—t t—x1+as t—zo t—xo—as
2c 2a
z min(t+z—s,s+aa—a)
1
a0 e~
a t—x+s
N o
12; /p(s)q)(s,t—xl—i—ozs)ds—zm / p(s)P(s,t — xo — as)ds—
@1—t i
2a 2a
;/p(s)é(s,t—x—l—s)dsjté / p(s)®(s,t +x — s)ds, xo <t < x7. (35)
a To+t—

“+a
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By the similar arguments we have for zo < 0
a

Lo = - (s—x;;‘t>q<s>wo<s>ds+a2‘ / <S+w22;-t>q(s)%(s)ds+

_ xo+t
2 2

127t+a
a a 2
loy la- _ o T2t _
s [ st 5 [ =5 [ (25 vans) atouos
zl+t _12+t a
2a 2a
o T+t oy
5 5~ ta—s)as)yol(s)ds + —— p(s)o(s)ds—
EIET
. 2
ia_
o / p(s)o(s)ds + °F / / 5,€)de+
t+x1—as a t+xo+tas
o a_
e [awas [ esod T [ awas [ esod+
z1+t —as _zo+tt —Qas
2a 2a
] a+IQTit t+x—s
i awis [ g
a —s—aa+a
1 T t+z—s a
1 / q(s)ds / @(s,f)d&—i—igi / p(s)®(s,t + 1 — as)ds+
!
a—&—% t—x+s T+t
i;: / p(s)@(s,t—i—xg—i-as)ds—% / p(s)®(s,t —x + s)ds+
a
_% $22_t+a
;/p(s)<1>(s,t +x —s)ds,—x; <t <xg, v2 <0, (36)
1 _ag r 1+t o r To +1 B
setn=-5 [ ( - >q<s>wo<s>ds+ =/ (s+ - >q<s>wo<s>ds
xq+t 12+t
2
o i a:l—t t—xQ
> 5= a(s)o(s)ds + = q(s)o(s)ds+
zr]—t
2
{16 i 10— i
S [ ploywnls)ds + o / p(s)io(s)ds -
z]+t zr9+t
2a 2
oy fa-
Do (s)o(s)ds — 20 (s)vo(s)ds +
xq—t t—xzg
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a t+x1—as

s [ ewod+ T [ s [ e gder

xq+|t| t—x1+as 0 —as
2«

o min(t+z1—as,as) a t—xo—as

o / a(s)ds / O(s, £)dé - / o(s)ds / B(s,€)de

x|t max(t—z1+as,—as) [t|—zo t+zotas
2a

=T . . [t|4+zo
5o min(t—z2—as,os) T2a as

. /Q(S)d‘S / (s, E)dE — 5 / Q(S)dS/é(s,g)dé‘Jr

[t|+zo max(t+xo+os,—as) 0 —as

T t+xr—s

i/q(s)ds / Q)(s,{)d§+ig—; /p(s)@(s,t—i—an—as)ds—i—

a t—xz+s 1+t

2

a

. oy B B
5 /p(s)fl)(s,t—l-ﬂzg-i—as)ds i5, /p(s)q)(s,t x1 + as)ds

1—t
2

T

5 p(s)P(s,t — xo2 — as)ds — % /p(s)CI)(s, t—ax+s)ds+

a

;/p(s)CD(s,t +x —s)ds, ra <t < —x2, (37)

a

Lo = -0 / (s—x;;t)qw)wo(s)dw‘;‘] (s—t;a"]c?)q(s)wo(s)ds—

2a

a a

2 [ psynls)ds — 5= [ pls)o(s)ds -

as

= [awis [ esoar T [awis [ e

t—xo—as
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a+Z2T+t

staa—a T t+z—s
1 1
1 [ aas [ eodsy [ oaas [ e -
a t—z+s a_l_ZQT"'t t—x+s
NN O
bl H(s. 1 — _ = B(s.t — 10 — _
5 p(s)®(s,t —z1 + as)ds i p(s)®(s,t —x2 — as)ds
o t—zg
2 2
;/p(s)q)(s,t —x+s)ds+ % / p(s)®(s,t +x — s)ds, —xa <t <. (38)
a zott— +a

2
Further using the method of successive approximations it is easy to prove that, under the
assumption that g(z),p(x) are locally integrable functions, the integral equations (33) — (35)
and (36) — (38) have continuous for ¢ # 4x9 and bounded solution ®(x,t). Moreover the
following relations are satisfied:

O(x,—x1) = —aqho(z) + at exp z/ p(s) ds |, (39)
s V(s)
O(z,x1) = —aho(x) + aq exp —i/ p(s) ds |, (40)
s V(s)
O(z,—x2+0) — &(x,—22 — 0) = a_o(x) — a_exp z/ SW(S;(Z;MS)CZS , (41)
0
) ’ sgn(s — a)p(s)
O(z, 29 +0) — Pz, 29 — 0) = a_tpp(z) —a_exp | —i 59— WP s (42)
0/ p(s)

We have proved the following theorem.

Theorem 4. Assume that q(z) and p(z) are locally integrable functions in the interval [0, 00).
Then for any X € C, the solution ¢(x,\) of the equation (1) with initial conditions

90(07 )‘) =0, 30/(0’ )‘) =1

can be represented as

v(x)
/ ®(z,t)eMdt,
v(z)

(p({L', )‘) = 900(x7 )\)1/10(95) +

1
2y/p(x)

where v(z) = x+/p (z) + a(a — \/p (), to(x) is a solution of by = q(x)o satisfying the initial
conditions
¥o(0) = 1,45(0) =0
and the jump conditions at x = a
do(a™) =2 —yo(a”) +ai'(a”), ¢'(a™) =0.
Moreover,the integral kernel ®(z,t) is a continuous function for —v(x) < t < v(x)(t # x9 =

r —aa—a if x > a and satisfies the conditions (39) — (42) .
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From these theorem and integral equations for the kernel function ®(x,t) we also have that
the partial derivative ®;(x,t) belongs to Li(—v(x),v(x)) with respect to ¢ for each x.

Theorem 5. Under the assumptions of the Theorem Jj the solution o(x,\) can be represented

A p(x =1 1 sin Tlx) —pt - xp(s) s)—
2idg(r, ) ( p@)*a) (™ (@) — ™ (0) O/P<S)d)
L i (s) Y
i| ——— — — | sin(A\ (™ (x) — u* (0 sns—agds - O, (z, t)eMdt.
( = a) A (@)~ 1 <>>+O/g< )2 5as) P<x>_yé) ()t

We prove this theorem applying an integration by parts in the formula (29) and then con-
sidering the expressions (39) — (42) for the boundary values of the kernel function ®(x,t).

4 New integral representation for the Jost solution

Theorem 6. Let (14 z)q(z),p(x) € L1(0,00). Then the Jost solution f(x,\) is expressed as

+o00o
Flo\) = f(x, 0™ @ _ / Az, et (43)

wt(z)

where the kernel A(x,t) defined on the region 0 < put (x) < t < +o0 is a continuous bounded
function. Moreover, the kernel A(z,t) is uniquely determined from the coefficient p(x) and q(z)
of the equation (1) and the following properties are satisfied:
1)
lim A(z,t) =0.

t—+o0

2) For each x > 0 the kernel A(z,t) is differentiable with respect tot # p~ (x) almost everywhere

and
+o00 x

t)—p(x))|q(t)|+|p(t)[1dt
|Ay(z, )| dt < C JO—@ @Ol

—pt(z)

for some constant Cy.
3) A(z,t) satisfies the relation

f(@,0) + Az, i (2)) = R (). (44)

4) If additionally p(z) € BC|0,+00) then Ay(z,t) belongs to Li(u* (x),00), it is a continuous
bounded function for 0 < pt (x) <t < +oo ,t # p~ (x), and the following relations are satisfied:

+oo . 2(
Ap (w07 (@) = Ry (2) ;/ (;/%er(s]))\(//%) .
| p(x) a

)
35 (0) 2(1—7(@) p( )},

Ay (x,,u* (z) + 0) — Ay (QC,/f () — 0) -
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+oo
T e pe o
R (J:){2m/<\/7+ ) W)sgns )d

2p () 2(14_\/7 }

5) The identity

+00
flz,\) = R (2)e™ @) 4 R (2)e™ @) 4 / Ay(z, t)edt, Imk > 0,
—pt(x)
holds. In particular,
+oo
F0N) = apehal—a)tio | o gida(lta)+it 4 / A,(0, )M,
—a(1—q)
where w and W are defined by
a +oo a +o0
w:/ ( )ds+/ (s)ds, w:—;/p(s)ds—k /p(s)ds
0 a 0 a

Proof. Let us denote by
+oo
- [ Kos)ds = RO @ (5 (@)~ 1) .t 2 4 (2),
t

where
1,y>0

) ={ 5170

is the Heaviside function. Then by the Theorem 1 we have

fz,A) :R+(x)ei)‘“+(x) + R~ (z)e™ @) 4 / e, ( /K x,s)d ) =

—pt(z)
oo
R+(:U)ei’\“+(z)+R_(:E)ei’\“7($)—|—ei’\“+(””) / K(z,s)ds+
pt(z)
+00 +00
(2 / eMdt (/ K(z,s) ) =|R"(x) + R (z) + / K(x,s)ds e (@) 4
—ut(x pt ()
b (2) +00 +o0
iIAR™ (z) / e dt 4 i\ / eMdt (/ K(x,s)ds) =
—pt(x) —pt (@) t
Fx,0)e™M @) i\ / e’ ( /szds— R (x)H ((m)t))dt
—pt(z)
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“+oo

f(z, O)ei)‘“Jr(x) — A / Az, t)eMdt,
—pt(x)
that is we get (43). Since
+oo
f@.0) =R @)+ R @)+ [ Ks)ds = B (@) - Alei (2)
pwt(z)

we have (44). The remained assertions of the theorem are directly results of the Theorem 1.
The theorem is proved. ]

From (45) it is obtained that
K(z,t) = Ay(z,t)(t # 1~ (2)) and K (2,2a — t) = —Ay(z,2a — t) (t # p" (2))

Also we have
Az, p~ (z) +0) — A(z, = (x) —0) = R™ ().

5 Conclusion

By establishing new integral representations of the solutions satisfying the Jost conditions as
x — +oo and also constructing a solution with initial conditions we can examine the spectral
properties of the associated problem. Due to the discontinuities in the kernel functions of the
integral representations for solutions, the relationship between the potential functions and kernel
functions are enough complicated. However, leveraging this relationship, we can derive the main
integral equation of the Faddeev-Marchenko type , which plays a central role in solving of the
inverse problem. Under the assumption of an absent discrete spectrum the unique solvability
of the Faddeev-Marchenko type integral equation arises. The stated problem will be very com-
plicated and can be applied to many physical scattering scenarios if we consider the case when
there is a discreet spectrum.
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