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1 Introduction

Researchers in the field of nonlinear analysis are interested in studying functional integral equa-
tions (FIEs). Many problems in applied mathematics, physics, and other sciences lead to the
production of FIEs. On the other hand, there are different methods in applied and pure mathe-
matics to check the existence of solutions for FIEs and systems of functional integral equations
(SFIEs). The idea of the measure of non-compactness (MNC), which many academics have
used to research and examine FIEs and SFIEs, is one of the most potent instruments in this
subject. In|Allahyari et al.| (2015) the authors introduced a new measure of noncompactness on
the space consisting of all real functions that are n times bounded and continuously differen-
tiable on R, and they investigated the problem of the existence of solutions for some classes of
nonlinear integro-differential equations. The Darbo-Sadovskii fixed point theorem and measures
of noncompactness are used by authors in |Alvarez & Lizama (2016)), to discover the necessary
conditions for the presence of at least one solution of a nonlinear integral equation with a general
kernel. In Banaei et al. (2021) the authors by applying the concept of the measure of noncom-
pactness, proved some fixed point theorems in the Fréchet space L>°(O) (where O C R¥). They
handled their obtained consequences to inquire about the existence of solutions for infinite sys-
tems of Urysohn-type integral equations. In [Das et al| (2023)), the existence of a solution to
generalized fractional integral equations with two variables was studied by authors. They devel-
oped a new fixed point theorem that generalized Darbo’s fixed point theorem, utilizing a measure
of noncompactness and a new contraction operator to accomplish their main goal. In |Das &
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Deuri (2021a) authors analyzed the solvability of an integral equation of the Hammerstein type
in two variables by using the generalization of Darbos’ Theoerem. In Das et al.| (2022) authors
proved some generalizations of the Darbo-type theorem to show that implicit fractional integral
equations can be solved in the space C (I ,EIO;), which is composed of all continuous functions
from I = [0,a] (a > 0) to £, where £ is a tempered sequence space. In Das et al.| (2021b),
the solvability of a generallzed proportional fractional integral equation in Banach space was
investigated by authors. In Deuri & Das| (2022a); |Deuri et al.| (2022b)) authors investigated the
solvability of classes of fractional integral equations by presenting versions of the generalization
of Darbo’s fixed point theorem. In Mursaleen & Mohiuddine (2012) Measures of noncompact-
ness were used by authors. To study the theory of infinite systems of differential equations in the
Banach sequence spaces £,(1 < p < 00). In|Sen et al.| (2019), authors looked at the Hadamard
fractional operator nonlinear functional-integral equation. Additionally, utilizing the concept of
the measure of noncompactness, they investigated the existence of solutions in Banach algebra
under specific pertinent assumptions and in connection with fixed point theory. These are only
a few instances of how the idea of measurements of noncompactness might be used to solve
problems with nonlinear analysis. Contrarily, a lot of scholars tried to broaden and generalize
Darbo’s fixed point theorem for this reason, and recently, a lot of publications in this area have
been written. |Aghajani et al. (2014} 2013), were among the first researchers who did wonderful
work in this direction. In |Falset et al.| (2015, without utilizing the maximum property, authors
studied the axioms of a measure of (weak) non-compactness and came up with some expan-
sions of the celebrated Darbo and Sadovskii fixed-point theorems. In Hajji (2013]), Darbo’s and
Sadovski’s fixed-point theorems were expanded by author into common fixed-point theorems for
commuting operators. He investigated the existence of typical solutions to equations in Banach
spaces, using the measure of noncompactness as an illustration and application. In |[Nashine &
Das (2022)) authors studied the solution of an infinite system of mixed-type fractional integral
equations. To do this, they first established a novel version of Darbo’s fixed point theorem using
the shifting distance function, and then they applied it to the fractional integral equations to
prove the existence of a solution on tempered sequence space. In Zarinfar et al. (2018), authors
introduced a generalization of Darbo’s fixed point theorem based on SR— functions. Then, the
integral equations, which are related to L— functions, are solved by their results. For additional
literature in this area, we recommend readers to look into references |Deep et al.| (2021)); Kumar
et al.| (2022); Matani et al.| (2020); Nasiri et al. (2021)); Roshan| (2017)).

This paper aims to extend and generalize Darbo’s fixed-point theorem differently. By em-
ploying a class of functions, we aim to derive 7-dimensional extensions of Darbo’s theorem.
These extensions enable us to determine if a specific class of SFIEs has a solution in a particu-
lar circumstance. Additionally, we investigate the possibility of a solution for m operators and
m variables that satisfies Darbo’s criterion. Finally, for the particular 2-dimensional case, we
examine the possibility of a solution for the following SFIEs:

20D = @) b (00000 900 [ 91000 00 (005) 0 (0,5) do
+p1 (L, 3,0 o (¢,7)) //q1 L, 9,0,v) 11 (v, v, 0 (0, ), 0 (v, ) dudy

(1)
@(Lh?): (L .7)+h2(7]a ( / (L 1,v )f?( )7Q(U j) p(’U,]))d’U
+p2 (4,7, 0 0%) //Q2 (4, 9,0,v) 12 (v, v, 0 (v, V), 9 (v, 7)) dvdy,

where o, p : R%r — R are continuous bounded functions, and the functions a;, h;, g, fi, p;,
gi,ri (i=1,2) for ¢,y € Ry fulfill certain requirements. For more explanation and details,

please see Theorem [9]
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2 Preliminaries

This section recalls some notation, definitions, and theorems to achieve all work outcomes. Let
N be the collection of natural numbers, R be the collection of real numbers, and Ry = [0, +00).
The symbol (B, ||.||) denotes a Banach space with norm ||.|| and element O as the zero value,
and By, (g, h) signifies the closed ball in B. We also use By, to express B(0,h). We use K and
ConvK to denote the closure of K and the closed convex hull of I, respectively, for @ # K C B.
Additionally, Mg is the family of all bounded and non-empty sets, and Ny C Mg is the family
of moderately compact sets. We take it for granted that & is an arbitrary MNC in Banach
space B and that D is a convex, bounded, closed, and non-empty subset of Banach space B
throughout this article. Also, £ is an arbitrary MNC in Banach space By x Bg x - -+ x B, with
anorm of ||| = |.[|; + |[.lls +---+|.Il,, where |||y, |l.ll5,--- .||, are the respective norms on
Bi,Bs, - ,B,. The following definitions will be needed in the sequel:

Definition 1. (Banas et al., | 1980) The function S : Mg — Ry is referred to as an MNC in B
if it meets the criteria listed below:

A1) The family ker S = {K € Mp : S (K) =0} # @ and ker § C Np;

A2) K1 C Ky = (K1) < (K2);

N

A4

(A1)

(42)

(A3) S (K) = S (comvk) = S (K);

(44) S (K1 + (1= 9) Ka) <53 (K1) + (1 =) S (Ky) for j € [0,1];
(45)

A5) TF (Kj) C Mg be a sequence such that Ky = Ky and Ki 1 C Ky, for k = 1,2, ...,00;

where limy_,oc S (K) = 0, then Koo = N2 ,Ky # &. The subset ker § stated in (Al)
stands for the kernel of &, and since § (Koo) = S (M2, Kr) < I (Ky) , we see that I (Kso) =
0. Therefore, Ko, € ker .

Theorem 1. (Akmerov et all 1992) Assume that MNC for the Banach spaces By, Bo, ..., B, are
respectively, 31, o, ..., Sr. Assume as well that X (01,02,03...0r) =0 0, =0,(i =1,2,3,...,7),
for the convex function A : R, — R. Then,

I (K) = A(S1(K1 (K)), B2 (K2 (K)) ..., 7 (K1 (K)))

defines an MNC in B; x By X ... x B, where KC; : K — B; is defined by K; (b1, ba,...,b;) = b;
fori=1,2,3,...,7.

In the following, we refer to particular cases of the Theorem

Example 1. Assume that MNC for the Banach spaces By, Bo, ..., B are respectively, 31, Sa, ..., 7.

We define A (o1, 02,...,07) = 01 + 02 + ...+ o7 for each (01, 02,...,0-) € RT.

Then, for each £ C By x By x ... x B, the function £ (K) = 31 (K1 (K)) + S92 (K2 (K)) +
o+ S (K1 (K))

is an MNC in By x By x ... x B, where K; : K — B; is defined by K; (b1, b2,...,b:) =b; for
i=1,2,3,...,T.

Example 2. Assume that & is a MNC in Banach space B, and X : Ri — Ry is a conver
function, and

A(o1,00) =050, =0,(1 =1,2).

Then S (K) = A (S (K1 (K)),S (K2 (K))), defines an MNC in B x B, where K; : £ — B is
defined by KC; (b1,be) = b; for i =1, 2.
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Example 3. (Akmerov et al., |1992) Assume that S is a MNC on a Banach space B; consider
Ao, p) = max{g,p} for every (o,p) € RY. Then L(K) = maz{S (K; (K)), S (K2(K))} for
each K C B x B, is a MNC in the space B x B, where K; : K — B is defined by K; (b1,b2) = b;
fori=1,2.

Example 4. (Akmerov et al.,|1992) Let S be a MNC on a Banach space B; consider X (g, p) =
o+ p for every (o, p) € RY.

Then £ (K)=S(K1(K))+ S (K2 (K)), for each K C B x B, is the MNC in B x B,
where KC; : K — B is defined by K; (b1, b2) = b; for i =1,2.

Theorem 2. (Schauder) (Aghajani et al., |2013) Let O : D — D be a compact and continuous
operator. Then the set of fized points O is non-empty.

Theorem 3. (Darbo) (Darbo, 1955) Let O : D — D be a continuous operator. Suppose that
I(0Q) < 13¥(Q) for each non-empty Q C D and for some j € [0,1). Then the set of fized points
O is non-empty.

Theorem 4. (Aghajani et al., |2015) Let O : D — D be a continuous operator satisfying
F(0Q) < ¥ (3(Q)), for each non-empty Q C D, and ¢ : Ry — Ry is a non-decreasing
function, and lim, oo Y™ (1) = 0 for each ¢« > 0. Then the set of fixed points O is non-empty.
3 Main results

Before obtaining the main results, we introduce three classes of functions as follows:

:{ﬂ RYT = [0,1): B(e],t5,...,0}) = Llasn =00 = 1 - 0asn — o0 forz—1,2,... },

{ :RT — Ry : ¢ is continuous, non-decreasing, sublinear, and ¢ (0,0,...,0) = O} .

| |
=

¥ : Ry — Ry : 9 is non-decreasing, providing that hm " (1) =0 for each ¢ > 0 } .

_ t1+to+..Fer
For instance, it is simple to observe that the function S (c1,t9,...,t7) = 1J(r . )

belongs to YT,. We also remind that if ¢ € ¥ then v (+) < ¢ for each ¢ > 0. We are now in a
position to present our first main result:

e » =007
L1 tig+..FeLr
T

Theorem 5. Assume that the continuous operator O : Dy XDy X -+ XD; — Dy xXDyx---xXD;
meets the following contraction:

L(O(K) +¢(L(O(K)),L(O(K)), -, L(O(K))) < B(LK), LK), L(K))
[£(K) + ¢ (LK), L(K),---,L(K))]

for any K C Dy X Dy X --- X D, where f € Y,, ¢ is continuous, and ¢ (0,0,---,0) = 0. Then
the set of fixed points O is non-empty.

Proof. Let DYx DIx---xDY = Dy xDax---xD-, we define a sequence {D}' x D§ x - x DP}> |
such that D} x DY x -+ x DI = ConvT (D' x Dy~ x - x DY) Considermg that Dy x
Dy x -+ x D, is closed, convex, and invariant under O, it can be easily shown that

L C DY DI DT C DX DY - x D C - C Dy xDyx---xDL C DYx DYx- - -xDY.
If there is N € N such that

LN xDY x - xDX)+ (L (DY xDY x - xDN),....,L (DY x DY x---x DY)) =0,
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i.e., L(DYY x DY x -+ x DY) = 0, then DY x D) x --- x DY is relatively compact, convex,
and closed. Also

O (DY xDY x -+ x DY) C DN x DYt x .. x DNTL C DY x DY x -+ x DY,

Thus, Theorem [2] implies that O has at least one fixed point. Now assume that

LD} xDyx-+xDN+@(L(D} xDy x---xD),..., LD} x Dy x ---xDF)) >0,
for all n € N, by our assumption, we have

L(DY x Dyt s x DY) + o (L (DY x Dy x - x DR L L (DY x DR x - x D))
<LOMDY XDy x---xD))+o(L(OD} XDy x---xDF)),...,L(O (D} x DY x --- x D})))
<BLDY xDy x---xDE),...,L(DT xDg x---x D)) x

[L(D} xDy x -+ xD)+ (LD} xDy x---xDE),...,L(D} x DY x --- x DM))].

Therefore,

LD x Dyt x o x DY) 4 o (L (DY x DY x - x DR L L (DY x DR x - x DY)

LD} xDyx---xDM)+ (LD XDy x---xD),...,L(D}F x DY x --- x Dn))
< B(L(DY x Dy x -+ x D)., L (D} x Dy x - x D)) (2)
<1.

This suggests that for every n € N,

LD x Dyt x o x DY) + o (L (DY x DY x oo x DEFY) L L (DY x Dy x - x DY)
LD XD x-+- XD+ (LD} xDy x---xD),...,L(D} x Dy x ---xD})).

Thus, the sequence {L (D} x DY X --- X D)+ @ (L(D} x Dy x --- x D), ...,

L (D} x Dy x --- x DP))}>°, is nonincreasing and non-negative, so there exists 7 € Ry such
that

lim [£L(D} xDy x---xD)+@o(L(D} XDy x---xDY),....,L(D} XDy x---xD))] =+.
n—0o0

We establish that v = 0. Let’s assume instead that v > 0. Then, by letting n — oo, we
have

lim B(L(DY xDy x---xDY),....,L(D} xDy x---xDI))=1.

n—oo

Since € Y., so L(D} xD§ x---xD?}) — 0 as n — oo. Since ¢ is continuous and
¢(0,0,...,0) =0, we conclude that v = 0, which is a contradiction.

Hence,

lim [L(D} xDy x---xD)+o(L(D} xDy x---xDX),....,L(D} xDy x---xDI))| =0,
n—oo

therefore, lim,, oo £ (D} x Dy X --- x DI') = 0.

Since DI x Dt x ... x DL C DP x DY x --- x DP and O (D} x Dy x --- x DP) C
D} x Dy x --- x DI for each n € N, therefore, (A6) indicates that D® x D x --- x DX =
NS DY x Dy x --- x D? is a closed, convex, non-empty set that is invariant under O and a
member of the ker £. Consequently, Theorem [2| completes the proof. ]

Taking ¢ (t1,t2,...,t:) =1 +ta+ -+t and B (¢1,02,...,¢t7) =k, 0 < k < 1 in Theorem
we obtain the 7-dimensional version of Darbo’s fixed point theorem.

Corollary 1. Assume that the continuous operator O : D1 XDy X -+ XD, —> D1 XDy x--- XD,
meets the following contraction:

L(O(K)) <kL(K)
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for any K C D1 x Dy x --- x D,. Then the set of fixed points O is non-empty.

Theorem 6. Assume that the continuous operators O; : Dy xDox---xD, — Dy, i =1,2,...,T,
meet the following contractions:

S (Oi (K x Ko x - x K7 ) + ¢ (30 (0 (K x Ko x -0 x Kr)) 5o, S (0 (Ky x Ko x -+ x K7)))
<BHK) 4+ (K)o, (K) + -+ 81 (Kr)) X

S (K1) + -+ S (K))
T

+ %30 (31 (K1),Q2 (K2) ..., Sy (Kr))

for each K; C D; withi=1,2,...,7, where § € T, and ¢ € I';. Then, in the space Dy x Dy X

.-+ x D;, there is at least one point (27,25, ,2zF) such that
04 (ZT’Z;7 72:) =2
02 (Zfazgv 7Z¢) = Z;
(3)
Or (2,25, ,25) = 2k,

Proof. Suppose L is the MNC defined in Example We define the mapping O : Dy x Dy x
-+ XDy =Dy xDy x---xD; by

0(21,22,...,27—):(01(2’1,22,...,2’7—)702(21,22,...,ZT),...,(')7—(21,22,...727—)).

O is continuous, and by our contraction, for each I C Dy X Dy X - -+ x D;, we have

L(O (K1 (K)x...x K (K)) x-x 0O, (K1 (K) x...x K;(K)))
LO (K (K)x...x K (K) x--xO: (K1 (K) x...x K (K))),...,
—|—<p< L(O (K (K)x...x K (K)) x-+x0: (K1 (K) x...x K;(K))) )
< (01 (K1 (K) x oo x Ko (K) 4+ -+ S (07 (K1 (K) x ... x K+ (K)))
+<p<%l (01 (K1 (K) x oo x K7 (K))) + -+ 4 37 (O (Ky (K) x ... x K7 (K))), >
31 (01 (K1 (K) % ... x Kr (K))) + -+ Sy (O (K1 (K) % ... x Ky (K)))
< {31 (01 (K1 (K) x ... x Ky (K))) + ¢ Jlé?(lc,()l Eiél z,cx) N X’i,fg,)c)))))]
+ -\yz (O3 (K1 (K) x ... x K- (K))) + @(%29§Z)(2éllegfzg) XX iTIéT E;C))’)) 7)}
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<5<sl(/c1(/c>)+cs2(;c2(/c>)+ +ST(ICT(IC)),...,)
- (K1 (K)) + B2 (Ko (K) + -+ -+ 37 (K7 (K))
X (3 (K1 (K) 4+ 4 Sy (K2 () + 0 (31 (K1 (K)) 2 S (K (K)) -, S (K (K))]
Sy (K1 (K)) + S (K (K)) + -+ + S (K, (K)) ...,
<ﬁ< Sy (K1 (K)) + S (K (K)) + -+ + Sy (K (K)) )
[S1 (K1 (K) 4+ 4S5 (Kr (K)) + 0 (S1 (K1 (K)) 4+ S (Kr (K)) -, St (Ky (K)) + -+ S5 (K, (K))]
<BLK), LK), LK) % [£0K)+ 0 (LK), LK), ..., L0K)).

Then O satisfies all the conditions of Theorem [5; therefore, O has at least one fixed point
(27,25, ,2%) such that O (27,25, -+ ,2%) = (2,25, - ,2F) . Hence, the proof is complete. []

Corollary 2. Assume that the continuous operators O; : D1 x Dy — Dy, i = 1,2 meet the
following contractions:

Sl (01 (]C1 X ICQ)) + (le (01 (ICl X ICQ)) s gl (Ol (]Cl X ]Cg))) < B (S

SQ (02 (IC1 X ICQ)) + © (C\\fQ (02 (Kl X ICQ)) s gg (02 (IC1 X ]Cg))) S ,3 (%1 (’Cl) + Sg (IC2) ,%1 (’Cl) + 32 (’Cg))
o {%1 (K1) + S92 (Ka) 1
2 2

for each K; C D; with ¢ = 1,2, where 8 € To, and ¢ € I's. Then, in the space D; x Dy, there is
at least one point (27, 23), such that

Oy (21, 23) = 23

{ 01 (2],25) = 2

Theorem 7. Assume that the continuous operator O : D1 XDy X -+ XD, — D1 XDy x--- XD
meets the following contraction:

LOK) +¢(L(O(K)),....L(O(K))) <9 (LK) + ¢ (L(K),....,L(K))),

for any IC C Dy x Dy x - - - x Dy, where ¢ € ¥, ¢ : RT. — R is continuous, and ¢ (0,0,---,0) = 0.
Then, in the space D1 x Dy X --- x D, the set of fixed points O is non-empty.

Proof. In a manner similar to Theorem [5, we define {D} x D% x --- x D*}> | such that D} x
DY -xDY =Dy xDyx-+-xDy, and D x Dy x---x D" = ConvT (D} x Dyt x - x DP7L),
also

L C DM DT C DI XD - x D C - € DixDyx---xDL C DYx DYx- - -xDY.
If there is N € N, such that

LN xDY x- - xDX)+ (L (DY xDY x - xDN),....,L (DY x DY x---x DY)) =0,
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i.e. L(DYY x DY x---x DY) =0, then D) x DY x --- x DY is relatively compact, convex, and
closed. Since

O (DY x DY x -+ x DY) C DN x DY x .. x DN C DY x DY x --- x DY,

Thus, Theorem [2] implies that O has at least one fixed point. So we assume that for all
neN

LY xDY x - xDN)+ ¢ (L (DY xDY x---xDN),....L (DY x D} x--- xDY)) > 0.
By our assumption, we have

LD x Dyt o x DY) + o (L (DY x DY ox oo x DEFY) L L (DY x Dy x - x DY)

<LOMDYxDyx--xDM))+ @ (LO DY XDy x---xD)),...,.LO (D} x D x --- x D))

<Y(LDF xDFx---xD)+¢@(L(DY xDy x---xDL),...,L(D} x DY x --- x D})))

<LDY XD x-+-xDY)+p (LD} xDy x---xDX),....,L(D} x DY x --- x D).

Therefore, the sequence

o0

{£(D} x D x - x D)+ @ (L (D} x D x - x D)., LD} x D x - x DIYL,

is decreasing sequence of real numbers that is bounded from below, so there exists v € R, such
that

lim [£L(D} xDy x---xD)+@o(L(D} xDy x---xDY),...,L(D} XDy x---xD))] =+.

n—o0

We now demonstrate that v = 0. Let’s assume instead that v > 0

LD} xDy x---xD)+@o(L(DY xDy x---xDr),...,L(D} xDF x--- x D))

<L(OMDy ' xDyt x-x DY)

+o(L(ODY ' %Dyt x o x D)), L(O (DY x Dy x o x DET)))

<Y (LD ' <Dy x o xDEY) + (LD x DY X x DY) L L (DY x DY x - x D))
<P (L(DY P xDy 2 x-xDE )+ (L (DY ?xDy > x -+ x DI 2) ..., L(Dy > x Dy > x -+ x D))

<YY" (L(D1 xDyx - xDy)+ (LD xDax-+-xDy),....,L(D1 XDy x -+- xD,))).
Since ¢ € V¥, this implies that v = 0, and we obtain
lim [L(D} xDy x---xD) 4+ @ (L(D} xDy x---xD2),...,L(D} xDy x---x D)) =0.

n—oo
Hence, lim;, oo £ (D} X DY x --- x DZ) = 0.
On the other hand, since for each n = 1,2, 3...; we have
DIl x Dyt o x DML C DY x DY x --- x DT,
O(D} xDy x---xD})CDY xDy x-+-x DI

Then, starting with (A5), D X DP x - - - x DX = N>, DY x DY x - - - x DI is a convex closed
and non-empty set that is invariant under O and belongs to ker L. The proof is concluded by
Theorem [21 O

Theorem 8. Assume that the continuous operators O; : Dy xDox---xD, — Dy, i =1,2,...,T,
meet the following contractions:

%Z(Ol(lCl X’CQX~-~X’CT))+QD(%Z'(01'(’C1XICQX-~-X’CT)),...,SZ'(O¢(IC1XICQXH-XIC-,—)))

< S (S (K1) + o+ O () (31 (K1), 82 ()., 8 (K7)
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for each K; C D; with ¢ =1,2,...,7, where ¢ € I'; and ¥ € W. Then, in the space D; x Dsy X

- X D, there is at least one point (27,23, -, 2¥) such that
Oy (ZT,ZS, Z:) 21
O, (ZT,ZEF,"' Z:) Z;
Or (25,25, ,25) = 2z~

Proof. Suppose L is the MNC defined in Example We define the mapping O : Dy x Dy x
XDy - D1 XDy x---xD; by

O(Zl,ZQ,...,ZT):(01(Zl,ZQ,...,ZT),O2(Zl,ZQ,...,ZT),...,OT(Zl,ZQ,...,ZT)).

O is continuous, and by our contraction, for each L C Dy x Dy X - -+ x D, we have

c(@(m) +cp(£ (6(/@) ,...,z(é(ic)))

< L0y (K1 (K) % ... x K, (IC))X % O (lcl (K) x ... x K (K)))

N (E O1 (K4 (’C) : (’C)) X x Or (K4 (/C) X ... x K (K))), )
20, (5 (K) x (IC)>< ><(’) (K1 () % ... % Koo (K)))

< S (01 (K1 (K) X ’CT (’C))) + 0+ S (07 (K (K) x ... x K7 (K)))

4 (91 (O1 (K1 (K) x Kr(K))) + -+ 8- (07 (K1 (K) x ... x K7 (K))) ,.- )
U S1(01 (K1 (K) 5. x Ky (K))) 4+ + S7 (O (K1 (K) % ... x Ky (K)))
i~ %1(01( 1( )X. XK:T(IC))),...,

< [30u w0 x i on +o(M o i o oo )]

; [02 (O3 (K (K) x ... x K <K>>>+w(“§f§é’f§,§’f2g)x s )}

N S, (07 (K1 (K) x ... x Kp (K)o
+ [\Y.,- (O (K1 (K)x...x K (K)+¢ S, (0, (K (K) % ... x Kr () ﬂ
)

Y (S1 (K1 (K)) + -+ S5 (K7 (K) + 9 (S1 (K1), 32 (K2) ..., S7 (K7)))

L9 (S (Ka () 4+ 3 (Kr () + 0 (31 (K1), 2 (Ka) -8 (-
Y (S1 (K1 (K)) + -+ + 37 (K7 (K)) + ¢ (81 (K1), S2(K2) ..., 8- (K7))
gw<sl(/cl(/C))+--~+<3T(/cT(/C))+¢( v

V(LK) + ¢ (LK), L(K),...,L(K))).

Then O satisfies all the conditions of Theorem |7 I; therefore, O has at least one fixed point
(27,25, ,2¥) such that O (27,25, ,25) = (27,25, -, 2%) . Hence, the proof is complete. [

7T

In order to apply the above theorem in the application section, we need the two-dimensional
version of it in the following:

Corollary 3. Assume that the continuous operators O; : Dy X Dy — D;, i = 1,2 meet the
following contractions:
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S1 (01 (K1 x K3)))

S1 (01 (K1 % K2)) + ¢ (31 (01 (K1 x K2)),
K2))),

< (31 (K1) + 9 (a) + 0 (31 (K2, S

(02 (K1 x K2)) + ¢ (32 (02 (K1 x K2)), 32 (02 (K1 % K2)))

5 (91 (K1) + 82 (K2) + ¢ (31 (1), 35 (C2))

<
for each KC; C D; with ¢ = 1,2, where ¢ € I'y and ¢ € U. Then, in the space D; x Dy, there is

at least one point (27, 23), such that

*

O1 (21,23) = 2
Oy (21, 23) = 25

Corollary 4. Assume that the continuous operators O; : D x D — D meet the following

contractions:

%(01 (]Cl X ]CQ)) + (p(% (01 (Kl X ICQ)) ,%(01 (ICl X ICQ)))

< Ly + 3 () + 0 (3 (K1), S (K),

1%
Qo
(V)
ke
X
=
©
_|_
)
%
Qo
(")
ke
X
=
©
W
Qo
[ V)
ke
X
=
©

for each IC; C D; with ¢ = 1,2 where ¢ € I'y and ¥ € W. Then, in the space Dy x Ds, there is at

least one point (z], z3), such that
{ O1 (2, 25) = 21

Oy (21, 23) = 25

Taking D1 = Dy =D, 1 = S = &, in Corollary [3| the anticipated outcome is attained.
Corollary 5. Assume that the continuous operators O; : D x D —> D meet the following

contractions:

(01 (K1 x K2)) < a[F (K1) + S (Kg)],

& (02 (K:l X ICQ)) <« [% (’Cl) + & (ICQ)] s
for each IC; € D (i =1,2), where 0 < a < % Then, in the space D; x Ds, there is at least one

point (27, z5), such that

% in Corollary |4l the anticipated
O

Proof. Taking ¢ (t,7) = 0 and ¥ (1) = 2at with 0 < a <
outcome is attained.
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4 Application and Example

We demonstrate the existence of solutions for SFIEs in this part as an application of our findings.
We consider the Banach space BC' (Ri), which consists of all continuous real functions that are
bounded on Ri.

BC (]Ri) is equipped with the following norm:

loll = sup{lo (e 9)[:¢,7 = 0}.
We select a fixed K € MBC(RQ) and a number £ > 0. For € > 0 and ¢ € K, the modulus of
=
continuity 0:[0,&] — R is indicated by x¢(p, ¢), where:

Eg(gae) :Sup{|Q(L7j) - Q(U,l/)’ 14,0,V E [075]7‘[‘_U| < €, ’.]_V’ < 6}‘
Now, we define
kS (K, €) zsup{ffE (0,€):0€ /C},
K5 (K) = lim k(K e),
ko (K) = lim 5 (K).

£—o00

Moreover, for two fixed numbers ¢, 7 € R, we denote K (¢,7) = {0(¢,7) : 0 € K} and define

diamK (v, 7) = sup{le(¢,7) = (t.0)] : 0,9 € K}
Finally, we define the MNC S: M BC(R2) — [0,00) as follows:

S(K) = ko (K) + lim supdiamk (¢,). (4)

L,]—>00

We analyze the existence of solutions to the SFIEs Eq. (Il) in order to provide an application
of the results.
Theorem 9. Let the following conditions be satisfied:

(I) There are the continuous bounded functions a; : RZ — R (i = 1,2) with

AozmaX{ sup |ay (¢,9)], sup |ap (%J)’}-

L,j€R+ L,_]ER+

(II) There are the continuous functions h; : R2 x R* — R, and the bounded functions k; :
RZ - R
(¢ =1,2) such that,

|h1 (Lajv 02, 92) —h (L7]a 01, @1)| <k (La]) (|92 - Ql| + |92 - @1‘) )
|h’2 (L5.77 02, @2) - h2 (ija 01, @1)| S k2 (Laj) (|Q2 - Ql| + |@2 - pl‘) ’

with

Ky = sup ki(t,9), Ko = sup ka(1,7).
L7]6R+ L7]€R+

(III) There are the bounded functions H; : R2 — R (i = 1,2) in such a way that,

H1 (l’?]) = ’hl (L,],0,0) |7 H2 (1‘7.7) = |h2 (L7j7070> ’7
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with

Hy= sup Hi(1,7), Hy= sup Hy(1,7).
t,JERL S)

(IV) There are the continuous functions p; : R2 x R? — R and the bounded functions v; : R —
R

(i = 1,2) in such a way that,

Ip1 (¢,9, 02, 92) — P1 (4,3, 01, 01)] < w1 (4,7) (lo2 — 01| + 92 — 1)) 5
Ip2 (¢, 7, 02, 92) — P2 (1,2, 01, 91)] < v2 (1,7) (lo2 — o1] + |2 — ©11)

with

Vi= sup 1nn (l’v.j)v Vo = sup vy (L7]) :
L,IERL t,JERL

. . 2 . .
(2 - 9 9
(V) There are the bounded functions U; : R7 — Ry (i = 1,2) in such a way that

Ul (La]) = |p1 (1‘7]7070)| ’ U2 (L?]) = |p2 (L7]7070)| )
with

Ul = sup Ui (s,7), 02 = sup Uz (1)),
t,JERY L,IERL

for each ¢,7 € R. We also define

ﬁl = max{ﬁl,ﬁl}, ﬁg = max{ﬁg,ﬁg},
I?l = maX{Kl,Vl}, [?2 = maX{KQ,Vg}.

(VI) There are continuous functions f; : Ry x R? — R and the bounded continuous

functions m; : Ry — Ry (i = 1,2) such that, for each : € R} and g,p € R
|f1 (Laga p)’ < my (L) )

|f2 (La 0, p)| < my (L) .
Moreover, for each « € Ry and g1, 91, 0,,0, € R

1y (100 902) = £1 (1 01, 01)| <my (0) (lo2 — 1] + [p2 — 911)
‘fz (L7 Q2,[§72) - f2 (La thl” < m, (L) (|92 - 91| + ‘92 - @1|>

(VII) There are continuous functions r, : R2 x R — R (i = 1,2) and the bounded continuous
functions n; : Ri — R (i = 1,2) such that, for all 1,7 € Ry and g, p € R

7, (t,9,0,90) <, (4,9),
Iy (60,0 0) <y (459) -

Moreover, for each ¢,y € R} and 91, @1, 0,, 9, € R

|7ﬁ1 (Laj7 927 @2) — T (L’aja 01, @1)| S nl (LL?) (‘QQ - ‘Ql| + |@2 - pl‘) ’
7y (4,9, 05, 02) — 75 (1,9, 01, 01)] <1y (6,9) (Jo2 — 01] + 2 — 1) -
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(VIIT) There are continuous functions g, : R2 x R — R (i =1,2) and positive constants G,
(i=1,2)

in such a way that,

sup {/ 191 (1s3,0) | ma <u>dv} <,
L,0€ERL 0

L
sup {/ g2 (¢, 3,v)| ma (v) dv} < Go,
L,J€ER 0

moreover,

lim / 191 (6, 0) ma (v) dv =
0

Ly,]— 00

lim / 192 (6 3,0) | ma (v) dv =
0

L,J—00

(IX) There are continuous functions ¢; : R2 x R? — R (i = 1,2) and positive constants Q;
(¢ =1,2) in such a way that,

] L
sup { [ ql(L,J,U,V)ﬂ1(v,V)dvdV}<Q17
L,)ERL 0 0

J L
sup { I qQ(w,v,V)n2(v,V)dvdV}SQz,
L,g€ER Y 0 0

and
7 L
lim / / lg1 (¢, 3,0, V)| n1 (v, v) dvdy = 0,
L,j‘)OO 0 0
Y
lim / / lg2 (¢,9,v,v)|ng (v, v) dvdy = 0,
L,j‘)OO 0 0
and

KiGi+Vi@Q, <
KyGy +VoQ2 <

SN

and

[:(1 (Gi+Q1) <
Ky (G2a+Q2) <

Then, the SFIEs Eq. (D) has at least one solution in BC' (R%) x BC (R%).

N|—= N =

Proof. Let, we define the operators O;, P;, and U;: BC (Ri) x BC (Ri) — BC (Ri), (1=1,2)
by

O, (e(t,7),90(t,7) = a, (t,7) + b, (,3,0(6,9), 0 (1, 2) U (0(1,9), 9 (,7))
+p1 (ija o (Lv]) ) 62 (47])) Pl (Q(L7]) ’ @(%]))7

0, (0(t,7),9(t,7) = a, (,) + by (1,9,0(6,9), 0 (1,2) U, (0(1,9) , 9 (,))
+p, (6,2:0(6,2) 590 (4,2) P, (0(6,9) 9 (4,9)) 5
Z/[ ( (LJ gl L.]7 fl (U,Q(U,j),p(U,]))dU,

Z/{ (Q (1’ ] 92 L, 3,V f2 (’U,Q(U,]),p(U,]))dU,

c\c\
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Pr(0(g) 0 (1:3)) = /0 ’ /0 4 (a0 0) 1 (0,0, 0 (0,0 9 (v,)) dod,

Py (0(19) 9 (19)) = /O ] /0 4 (000, 0) 12 (0,0, 0 (0,0 9 (0,.7)) dvd.

Stepl. First, we check the well-definedness of these operators. According to the assump-
tions, the functions O, (0 (¢, ), 0 (¢, 7)) Ri — R for ¢« = 1,2 are continuous.
Now, we show that these functions are bounded. By assumptions (I) — (IX), we have

|01 (9 (Laj) ) 8 (La]))| < |(L1 (ij)‘ + |h1 (La]v Q(La J) ) @(b’])) —h (L,],0,0)‘ . |M1 (Q(Laj) ’ @(57]))‘
+ [P (4,5,0,0) - thr (2 (1,9) , 9 (e, )| + 1 (1,2, 0,0)] . [P (2 (1,9) , 9 (1, 7))
+ ‘pl (L’Ja 0 (La]) ) (L’])) — PN (ija Oa O)| . |P1 (Q (ij) ) 2 (L’]))|

§A0+/€1(b,])(|g(£,])‘+|@(L,j)|)~/o |g1(L,j,’U)‘.|f1(U7Q(U,j)7@(U,j))|d’U
+H/ 191 (0 2,0)] - |1 (0, 0 (0,2) 0 (0, 9))| o
~ J L

+U1./0 / g1 (60,0 I (0, 0 (0,0 0 (0,9))] dod
7 L

+V1<L,J><|Q<L,J>|+\p<w>|>./ / 191 (03,0, -1 (0, 0 (0,0, 0 (0,9))] dvod
0 0

§A0+K1(||QH+||@||)/O 191 (6o ,0) 1 (0)

—&-ﬁl./OL lg1 (¢, 3,0)] .mq (V) dv

—&—ﬁl./oj/ob lg1 (¢, 2,0, 0)| - |1 (v, V)] dody

J L
VA (el + ||p||>./ / 191 (03,0, - Iy (v, )| ddy
0 0

< Ao + K1G1 (lell + llol) + HiG1 + ViQ1 ([lell + llpll) + U194
< Ag+ Hi\Gy +U1Q1 + (K1Gy +ViQq) (Jlell + llel)
< My + Ky (Gy+ Q1) (Lol + [lell) -

Hence

101 (2(1.9) .9 (1,0))] < My + K1 (Gr+ Q1) (Ilell + llel) ()

where

My = Ao+ (Q1 + Gy) Hy.

In the same way, we can get

102 (0(,3) 9 (1,2))] < Mz + K2 (G2 + Q2) (llell + llp]) (6)

where

My = Ap + (Q2 + G2) .ﬁQ.
Now from (5) and (@), we have

|01 = sup {|O1 (0(¢,9) , 9 (1)) : 1,7 >0} < My + f:ﬁ (G1+ Q1) (llell + llell) < oo,
Oz = sup {|O2 (0 (t,2) ;9 (t;2))] : 1,7 >0} < Mo+ Kz (G2 + Q2) ([lell + [ell) < oo,

These results demonstrate that Ojand Oy are well defined.
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. ;- Brx B Br ) — . > _ My _ Mo }
Step2. We show that O; : BxBy = B, (i = 1,2) . Let h > max { A ],
then for each (o, p) € By X By, from (f) and (@) we have

01 (0(t,9) 0 (1.2))] < My + K1 (G1 + Q1) (o]l + lpll) < My + 21K, (G + Q1) < h,
02 (0(4,9) 9 (1.2))] < Mo + K2 (G2 + Q2) (lloll + llgll) < Mo + 20K (G2 + Q2) < h.

That shows O; (By, x By) C By, (i =1,2).
Step3. We show that the operators O; : By, x By, — By, (i = 1,2) are continuous.
Let € > 0 arbitrarily and (o1, 1) € B X By, (02, 92) € B X By such that ||o2 — 01]] < e,

2 — o1l <€, indeed [|(02, p2) — (01, p1)[| < e
Then, we have:

|01 (02, 92) (t,9) — O1 (01, 1) (1, 7)]

. hi (¢, 3, 02, 92) Uz (02, 92) + P1 (¢, ), 02, 92) P1 (02, 2)
= | —hi (e, 0,01, 01) Ui (01,901) — P1 (4,9, 01, 91) P1 (01, 01)

< |k (4,3, 02, 92) Us (02, 92) — b1 (1,9, 01, 1) U (01, 91)]
+ | P1 (¢, 3, 02, 92) P1 (02, 92) — P1 (¢, 3, 01, 91) P1 (01, 91)]

ha (¢, 02, p2) Ur (02, 02) — hi (¢, 3, 01, 91) U (02, 92)
+hi (2,7, 01, 1) Us (02, 92) — ha (¢, 7, 01, 1) U (01, 91)

Py (1,7, 02, 92) P1 (02, 92) — P1 (1,3, 01, 91) P1 (02, 92)
+P1 (t,3, 01, 901) P1 (02, 92) — P1 (1,7, 01, 91) P1 (01, 91)

< [h1 (¢,9, 02, 92) — h1 (4,9, 01, 01)] - U1 (02, p2)|
+ b1 (1,9, 01, 01)] - [Us (02, 92) — Ui (01, 1)]

+ |P1 (02, 92)| - [ P1 (¢,9, 02, 92) — P1 (L, 3, 01, 91)]
+ [P1 (4,9, 01, 01)] - [P1 (02, 92) — P1 (01, 01)]

< GiK (Jle2 — o1l + 192 — g1l])

+ (B Qaall+ lonl)+ 1) [ o 00001 (U (02 0002 (000) = fi (0201 (023) 01 (0.2))
+V1Q1 (o2 — o1l + llp2 — 1)
A~ Jort
+ (‘/1 (”91” + H@l”) =+ Ul) A /0 ‘(h (L7]7Uv V)‘ (Tl (vav 02 (U7V) ) §92 (Uvj)) - (U7V7 01 (va) ) 91 (U7]))) dvdy
< (GiLE+ViQq) (o2 — o1l + llp2 — p1l])

Ka(lanl+ o) + £) - [ o1 (o0 1y (0022 (005) 92 00) = £ (001 (020) 00 (0, ) o

IN

+

(el o)+ 02) . [ [ o o)l @ 00 92 00) = 11 0012 010) 0 (02) o
7)

So, we get

|01 (02, 92) (¢,.9) — O1 (01, 91) (¢, 9)]
< (GhiE1+ViQq)e

+ (2hK1 + ﬁl) X /0 lg1 (¢, 9,0)] . 1f1 (v, 02 (v,9) , 02 (v, ) = f1 (v, 01 (v,7), 91 (v,7)))] dv

i 00) 5 [ [ ol n 0o 00) 2 00) = 11 0 0(0,0), 0 0, 0) | dod.
0

Also, by establishing the conditions of (VIII) and (IX), there exists £ > 0, such that for

254



M. AMIRSOLEIMANTI et al.: THE m-DIMENSIONAL GENERALIZATIONS OF DARBO’S FIXED...

L, 7> &, we have
AL 91 (1,,0)| - 1 f1 (v, 02 (v,9) s 92 (0,9) = f1 (v, 01 (v,9) 01 (v,9)) ] dv <€,
[ [ 1 avnldn @000 00) = o ) o ) ldvdv e (9
Suppose that ¢, 7 > &, it follows (§) and (@) that
|01 (02, 92) (¢,9) — O1 (01, 1) (1, 9)] < (GlKl +ViQ1 + Hy + Uy + 21K + 2hV1> €.

So, in this case, O; is a continuous operator.
In the other case, that is, if ¢,7 € [0,&], then we get

AL |gl (”a]? U)| . ‘fl (U7 02 (U’.]) ) §22 (U’.])) - fl (U7 01 (Uv.]) ) $1 (Uvj))| dv < €G3’€E (flve) ) (10)

9 rL
/ / |q1 (L,j,'U7V)|.|7"1 (U7 v, 02 (UaV)7@2 (U7J)) — T (’Ual/7 01 (’U7V)apl (’U7j))|dUdV SgQQJHE (7"176),
0 Jo
(11)

where

¢ _ 1f1 (e, 02 (4,9) 592 (¢,0) = J1 (01 (4,0) 01 (1,9))] = 0 € [0,€] }
" (f17€)_L,§1elu€+{ (02,92),(01,91) € Br X Bi, |02 — 01| <€, |p1 —gp2| <€ [’

{ |T1 (L,_]7 02 (L?])va (ij)i)_ 7“17(1,7‘], 01 (L>])vpl (L,j))| HEZWAS [075] } ,

3 _
K (r,,€) = su
(€)= SUP (5 pn) (01, 91) € B x By loz— 1] 6, lpr — ol < e

L,J€ER
Gy = max {lg1 (1.2,0)| : (13,0) € [0,€°},
Qs = max {Ja1 (1,0, (3,0,0) € [0,¢]'}.

Now, due to inequalities (§), (I0), and (), we have

|01 (02, 92) (1,7) = O1 (01, 1) (1,9)] < (G1EL +ViQu) € + (%Kl * ﬁl) €Gsrt (f1,€)
+ (201 + 00) €2QskE (1, )

But we note that the functions f; on the set [0,&] x [—h,h] X [—h,h] and 71 on the set
[0, £]%[0, &] x [~ R, h] X [—h, h] are uniformly continuous. Therefore, we conclude that ¢ (f1,€) — 0
and k¢ (r1,€) — 0 as € — 0. This shows that O; is a continuous operator. Similarly, it can be
shown that O, is also a continuous operator.

Step4. In the sequel, we show that for each K1,Ks C By

(K1G1+V1Q1) (S (K1)

(01 (lCl X ]CQ)) Ry
(K2Ga + V2Q2) (S (Ky)

& < + <
I (05 (K1 x Ky)) < +s(/c ).

Let £ > 0, € > 0. Take ¢1,t2,71, and 72 € [0,¢] with ¢; <9 and j1 < g2 such that 1o — 11 <e,
J2 — 71 < €. Then for (g, p) € K1 x Ko, we get
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|01 (0, 9) (t2,32) — O1 (0, 9) (¢1,01)]
< lay (e2,92) —a, (1, 01)]

+ |h, (12,92, 0(t2,02) 9 (t2,92)) U, (0(t2,92) , 9 (¢2,92)) — hy (L1,91,0 (b1, 91) s 9 (b1, 1)) U (0 (e1,01) 5 90 (e1,01))]
+ |p1 (1’27]27 (LQ,]Q),@(LQ,]Q))-Pl (Q(L )7@([’27]2)) (1’17]17 (Llaj1)7 (Llajl)) Pl (Q(Llajl)?p(Lh]l)”
< |h ([/QaJQa (L27.72) 5 @(027.72)) -ul (Q (L27.72) 5 @(LQJQ)) h (L2aj27 Q(L’MJI) (['1 .71)) u1 (Q([/Qa]Q) <L25.72))|
+ |h1 (L27]27 (leh) ) @(“7]1)) 'ulg(L ) (LQ ]2) (L17jl7 (lejl) @(Ll,jl)) 1 (Q (L2u.72) (527.72))|
+ |h1 (Ll’.yl, (lejl) ) @(Lla‘jl)) 'u1 (Q(LQMJQ)’ (LQ’]Q)) hl (Lh]lv (L ) p(L )) ul (9 (L )7p(L ))‘
+ [p1 (t2, 72, 0 (12, 92) s 9 (t2,92)) - P1 (0 (t2,92) » 9 (¢2,92)) — 1 (12,92, 0 (t1,9,) » 9 (e1,91)) P (0 (t2,72) 9 (12, 92))]
+ |p1 <L2>.72> (lejl) P @(ha]l)) ~P1 (Q(L27]2) (L27.72)) Y2 (l’lu]lv (Llajl) ) p(Llajl)) 7)1 (Q(L27.]2) ) p<L2?.72))|
+ |;01 (1,010 (e, 01) 5 90 (e1,01)) Py (0(e2,92) 5 9 (e2,92)) — py (t1591, 0 (b1, 91) 5 9 (e1,91)) Py (0 (1,91) 5 9 (1, 91))]
kS (ay€) + k1 (t2,2) (|0 (t2,72) — 0 (b1, )| + | (12, 22) — 9 (1, 01)]) -G1 + %(h1 €).G
+ |h1 (517]179(“7]1)7@(“7]1)) - h (L17jl70 O)l ‘u ( (L27J2) (L2ﬂj2)) ul (Q (Uu]l)?p(bhjl))'
+ [hy (e1,91,0,0)[ . [U, (0(t2,72) 9 (12, 92)) — U, (0 (t1,71) 9 (¢1,01))]
+v1 (12,92) (|0 (2, 52) — 0 (b1, )| + 9 (2, 92) — 9 (11, 91)]) - [P1 (0 (12,92) s @ (2, 22))| + 55 (p1.€) .Qn
+ Ip1 (e1591, 0 (4150,) » 9 (e1,91)) — p1 (e1, 91,0, 0)| [P1(0(t2:92) s 9 (t2,92)) — P1 (e (t1,91) s 9 (1, 91))]
+ 1p1 (¢1,91,0,0)| - [P1 (0 (¢2,92) » 9 (2, 92)) — P (0 (t1,91) » 9 (t1,91))
<k (a,€) + K1 (k* (0, €) + &° (p,€)) G1 + K5 (ha,€) .Gy
o (2RB 4+ H) U (0(1202) 9 (1202)) = Uy (0 (12, 1) 9 (12,0)|
+ Vi (K5 (0,€) + KE (p,€)) Q1 + K5, (p1,€) Q1
+ (28V3 + 1) Pr (0 (12022) 9 (12,22)) = Pr (2 (11,31) 19 (1,30))] (12)
where
’{g (a,é) = Sup{‘al (L2a32) —a, (L17]1)| Tl1,02,01,72 € [0;5]7 |L2 - Lll <e ) ‘.72 _]1| < 6}7
_ |h1 (L 5 J! 797@)_h1 (L 5 J 797@)|1L 502,71, S [07§]7 |[/ -t | S€7 |.] -] |S€7
(hl,e)—sup{ 2,72 1,1 gl,ng [17;75] 2 — U1 2— N }’
3 _ |p (L 7]797@)_27 (Lajag7p)|:L7L7] yJ 6[075]7 |L _L|§67 |.7 _j|§€7
(pl,e)—sup{ 1 (L2, 72 1(t1,n g,lp2e [1—712,71], 2 — U1 2 — N }
On the other hand, the following estimate is available:
U, (0(t2,92), 9 (t2,02)) —U, (0 (t1,71) 9 (t1,71))]
| [ ) £ e @) o )= [ () A 0 0) 0 0 do
S /(; 1 |gl (LQ,jZ,U) fl (Uv Q(U7]2) ) p(”v]2)) -0 (Ll’jl’v) fl (Ua Q(Uvjl) ) @(ijl))‘ dv
+/ 2 |gl (L27]27U) fl (Ua Q(UaJQ) ) p(“a]Q)” dv
S A |gl (L?v]?vv) fl (Ua IQ(U7J2) ) p(Uu]Q)) — 01 (lejlvv) fl (Ua Q(U7]2) ) @("%]2))‘ dv
+/(; 1 |gl (Llajlav) fl (Ua Q(UaJQ) 3 @(U7J2)) — g1 (Llajlav) fl (Ua Q(Uajl) 3 @(UJI)” dv
+/ 2 |gl (L27]27U) fl (Ua 4 (U1]2) s (UajZ))| dv
<k (g9 [ 1 00 (02) 0 @) vk (6)- [ o (o)l do+ By
0 0
< EAWE (g1, €) + EBW (f1,€) + eBMy, (13)
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where

K& (g1,€) = sup

|gl (L27]27U) — g1 (L17]17U)| 1l1,02,71,02,V € [035]3
g — 1] < e lg2 —n| <e ’

)

1
22 =51l <€ 0,9 € [N,
A=sup{[fi(v,0(v,7),p (v, 7)) :5vE€0,E, 0,0 € [~hh] },
B =sup{|g1 (¢,2,0)| : ¢, 5,0 € [0,€]},
My =sup{m1 (1) : 1 €[0,€]}.

Ii% (fl,e) :sup{ |f1 (U’Q(U’JQ)’W(UL]Q)) _fl (U7Q(U7]1)7p7(;}}1] ))' 2J1,72,V € [0,5], }

We also have the following estimate:

|P1 (Q (L2n72) ) 2 (L27]2)) - P (9 (Llajl) ) (Ll’jl))|
J2 L2 J1 L1

- / / q1 (L27327Ua V)’f’l (Ua V>Q(U7V)7@('Ua]2))dvdl/_/ / q1 (//1’.71’1}7V)T1 (’U7V,Q(’U71/),p<v,j1))d’l}dV
0 0 0 0
1

J L1
S/ / |Q1 (LQ,]Q,’U,V)Tl (UaV7Q(UaV)7p(U7J2))_Q1 (Ll,jl,’l},y)rl (vaﬂg(U?V)7@(“7]1))|dvdy
Oj1 OL2
+/ / |QI (L27]2aUaV)"|Tl (’U,Z/,Q(’U,V)7@(U,jz))|d’[}dﬂ
0 L1
J2 L2
[ g o) 0, 00,0 (00000 dud
7 0
1J1 L1
S/ / |(J1 (527]27/07”)_611 (L17]17U7V)"|701 (’U,I/,Q(’U,V)7@(U,]2))|d’l}dy
0 0
J1 L1
[ o)l 0 0 00) 9 (0.02) = 71 00 (010) 0 (0,00)| dd
0 0
J1 L2
[ s 00,0 (00000 dvd
0 2
J2 1L2
[ Gl e 000) (02020 de
J1 0
< EN1E (q1,€) + ECON1 (|9 (v, 22) — 9 (0,21)]) + 26C Ny, (14)
where
KJ& ((I1,€) = SUp{‘QI (LZ,JQ,U,V) —q1 (517]17U7V)| 11, 02,71,]2,U,V € [075]7 ‘LQ - Ll‘ S €, |j2 _.]1‘ S 6}7

C= Sup{‘ql (L,j,’l},l/)‘ L0,V E [Oag]}a
Nl = Sup{nl (L7.7) AYAS [075]}

Now, considering (I2)), (I3) , and (I4), we get

K5 (01 (K1 % Ka) ,€) < K (a,€) + Ky (K€ (0,€) + £ (p,€)) G1 + K5 (b1, €) .Gy

¥ (2hK1 + f{1> . (wa (g1,€) + EBwS (fu,€) + eBM1>

+ V1 (K5 (0,€) + K5 (p,€)) Q1 + K5 (p1,€) .Qu

+ (2074 00) - (€M (01,0) + EON (19 (v,32) = 9 (v.21)]) + 26CNie) . (15)
)—(IX) guarantee that the functions a; (¢, 3), f1 (¢, 0,9), 91 (¢, 7, 0, 9) ,
(¢, 2,0,9), 71 (¢, 7,0,9) and p (v, -) are uniformly continuous on the
[ h h]v[ ] [0 f] [ h]X[—h,h],[0,£]X[O,£]X[—h,h]X[—h,h],
] [ 75] [ é-] [ ] [_ha h]7 [075] X [075] X [_h7 h] X [_h7 h]7

Note that assumpitions (1

hi(e,0,0,90) 01 (4,0, 090) s 1
sets [0,?5]><[0,£],[ €1 [0, €] x
[0,€] x [0,&] x [=h, h] x [-R

) )
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and [0, £] respectively. It follows that x¢ (a,e) — 0, ﬁ% (h1,€) = 0, ¢ (g1,€) — 0, /-cg (f1,€) =0,

m% (p1,€) — 0, kS (q1,€) = 0, and |p (v,72) — @ (v,71)] = 0,as € = 0 .

Consequently, combining the data generated above with the estimate ([H), we get
55 (01 (K1 x K)) < (K1Gi +ViQu) (§ () + 1§ (1C2) )

so by taking £ — oo, we obtain

ko (01 (K1 x K2)) < (K1G1 4+ ViQ1) (ko (K1) + ko (K2)) . (16)

Applying a similar method, we can demonstrate that

Ko (02 (ICl X ’Cg)) S (K2G2 + ‘/QQQ) (/‘60 (’Cl) “+ Ko (’CQ)) . (17)

Furthermore, the estimate made in (7)) indicates that for arbitrary (o2, 2), (01,91) € R?
and ¢,7 € Ry we have

|01 (02, 92) (¢,.9) — O1 (01, 01) (¢, 9)]
< (K1G1 +ViQq) ([lee — o1l + [lp2 — 1l])

+ (K ( ||91||+H@1||)+H1 / lg1 (¢,7,0)] - 1f1 (v, 02 (v, 9) 92 (v, ) — f1 (v, 01 (v,9) 01 (v,7)))] dv

+ <V1 loull + [lo1ll) + T / / g1 (¢, 3,0, V)| - |11 (v, v, 02 (0, 1), 92 (v,9) — 71 (v, 1,0 (v, V), 0 (v, )| dvody
< (K1GL +ViQq) (llee — o1l + o2 — 1ll)

+ (K1 ||91|+HK)1||)+H1)(||92—Q1H+||@2—@1H /|91 L, 2,0)].my (v) dv

+ (Vi Qall + Binl) + 02) Clez = anll + oz = ol [ [ e 0 (0.0 o

Now according to conditions (VIII) and (IX) as ¢, 7 — oo, we deduce that

lim supdiam (01 (K1 x K2)) (¢,7) < (K1G1 +V1Q1) ( liLn sup diamkKy (¢, ) + liLn sup diam/kCs (¢, j)) ,
L] o0 [2%] (o ]

1,00
(18)
with a similar method, it can be shown that

lim supdiam (02 (K1 x K2)) (1,7) < (K2G2 + V2Q2) ( hm sup diamkCy (¢,7) + lim sup diamKs (¢, 7)

1,J—00 1,J—00
(19)

Now combining (I6) with (I8) and (I7) with (I9), respectively, we obtain

(01 (lCl X ]CQ))

S (K1G1 +ViQ1) (S (Ky)
C\}(OQ (]C1 X ]Cg))

< Ry
< (K2Ga + V2Q2) (S(Kq)

+9
+s(/c ).

So, the SFIEs Eq.([) has at least one solution, according to Corollary in the space
BC (R%) x BC (R2). O

Now, we provide an example to show how our results function.

Example 5. We analyze the system of functional-integral equations as follows:
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+7° s +2)(3+J) m+ul

2/0(19)| cos ¥7Fi+2]p(e.)] smﬁ (1+v)(1+v) arctan|o(v.v)|+arctan|p(v.)|
tio <3+ 5+i+y7 // C+2B+2) (1+7)(1+0) dvdy

_ 1 ( (Harctg\e(bJ)\er“ctg\@(tJ\))/1 |v] )
©(69) sin (1+J )Jr n 4+ +77 o n{l+ (3+L2)(J+2)W

(sin @(U,J)+cgi@(v73)) Vit dv
L

lo(e,)]e 2" lp(e.0)le 2 v2y? [cos o(v,v)|+]sin p(v,7)]
+ln< RS 7 ey S S 7wy )AA GOGIE (A0 vy,

Q(L,j) - cos (1+Ls) +1n <1 + 2(1+‘Q(JLF7LJ)‘+|@(LJ)|)) / In <1 + - 3,2V ) eV arctmn\g(%])\-‘rarctanléo(v ])‘dv

(20)
We have a4 (¢, ) = cos <1:—7JL3> , az (¢,7) = sin (1 +J 3> and these functions satisfy assumption
(I) and Ap = 1. On the other hand, the functions

214+ |o| +
hl(éaJ7Q,p)—ln<1+( o] rpn)’

T4+12 + 52

h2 <[’7.77 o, p) =In (1 +

satisfy the assumption (I71).
Indeed,

3 (14 arctg|o| + arctg |p])
442 4 52 ’

|h1 (¢, 9, 02, 92) — h1 (4,7, 01, 91)|
2(1 2(1
< 1n<1+ ( *92|+K’2|)>—1n<1+ ( +|91+|p1|)>’

7412 452 T+2 + 52
< |20e2| +lp2l) _ 2(Jor] + lp1])
T T2 4 T+ + 52
2 (2| — |1 + |p2| — |gn])

T+ 4

2 llleal ~ lorll + Izl — Il
TH2 + 52 02 01 2 #1
< 2
T4 4

IN

(lo2 — o1] + |p2 — p1l) -

And H, (Lh]) = ’hl (L,],O,O) | = ‘ln (1 + 7+L22+]2)) < 7+L22+]27 and -Ell = SupL,]ER+ Hy (1‘7]) =

2
" d Ky = k = _ 2 _ 2
an 1= SupL,jER+ 1 (L7]) - SupL,]€R+ Tre2 42 T
In the same way,
ha (¢, 9, 02, 92,) — ha (1,7, 01, 1)
< | <1 n 3(1+ arctg \922| +aQrctg @2|)> I <1 + 3(1+ arctg|g21\ + aQrctg |p1|)>
4412 4+ 4+12 +
3(1+arctglos| +arctg|p2|)  3(1+arctgloi] +arctg|pi|)
B A+ + 72 A+ + 52
3
< 17 g leretgleal —arctglon] + faretglpa| — arctg |on )
3
< — — _
Stz ip (Ile2] = lerll + [lg2| = |1 l])
3
< -, 9 ., 9 - - .
442 g2 (lo2 — o1] + [p2 — 1)
3 3 2
And H2 (L7]) = ’h2 (L7]7070) | = ‘h’l (1 + 112 +]2>) S ) +]2’ and H2 = SupL,]€R+ H2 (ij) —
3
4

259



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.10, N.2, 2025

an

_ _ 3 _3
d Ky = sup, jer, k2 (¢,9) = SUp, yer, 7377 = -

Moreover, the following functions satisfy the assumption (IV).:

2ol cos /g + 1+ 2|p|sin Y7+
544454

= =
e 2 e 2
p2(b7jagap):ln <2+ |Q| + ’p| >

p1 (6, 0,0,90) =In <3+

291+ 291+

Indeed,

|p

<

<

<

1 (Lm]a 02, 92) —P1 (Lajy 01, @1)|

).

544454

n 3+2|g2|cos\3/]+L+2|p2|sin{‘/]+L i 3+2|91|cos\3/]+L+2|p1|sinw3/j+L
5+ 41
2|02 cos g+t +2pasin 5+ 2[o1]cos 7+ ¢+ 2|p1[sin g+
544+ 54 5414454
2|02 — 201 : 2|p2| —2|pa] ) .
(5o i (P ) s 00
2
7m(||@2|‘|@1||+||@2|—|Wl||)
(o2 — arl + 2 — 1]
e 02 — 01 P2 — P11) -

And Uy (1, 9) = |p1 (¢,2,0,0)| = In3, and U; = In3, and Vi = sup v (1,7) =

2
z.

L,)ER4

Moreover,

D2 (¢, 7, 02, 92) — D2 (1,9, 01, 91)| =

And Us (¢, )

D=

2
sup 14 —
6,)€ER4 EAEE

o2l e | |pale ol | [pile
In |2 —In(2
n( +2\5/1+Lj+2\‘71+bj . +2\5/1+Lj+2\5/1+bj

< |Q2\€%J+|@2|€%J _ |91\€%J+|@1|€%J
“I\2¥VT+y  1+uy 291+ 291+ y

—u

ez
< - _ _
< s (leal = lall + ljoa] = el

—u

e2
< (o2 — 0] + |92 — 1)
YT (lo2 — o1] + |p2 — p1l)

L,gERL

In the following, we will introduce other functions in this way:

and

_, (arctan | o| + arctan|p|)
T+

f1(L,Q,p):€ ’ ’fl(L,Q,gJ”Sml(L

—t

If1 (¢, 02, 92) — f1 (1, 01, 91)] < (larctg|oz| — arctg|o1]| + |arctg [p2

e
w44

<e " (lo2 — o1] + o2 — p1l)
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—u3

e 2 _
2YT+uy

©,JER Y

)=e",

| —arctg|pl])



M. AMIRSOLEIMANTI et al.: THE m-DIMENSIONAL GENERALIZATIONS OF DARBO’S FIXED...

and

(sin o 4 cos ) V1 + (2
2448

y 12 (e, 0) Sma (1) = V12,

f2 (L7 0, @) =

and

V142
|f2 (La Q27p2) - f2 (L7 Qlapl” S 2_’_7116

< V142 (o2 — 01| + g2 — 1) -

(|sin 02 — sin g1 + [cos p2 — cos p1)

Also

(¢ ’U)—1D<1+ 3ie” )
165 Y) = 13 +2)3+9 )"

|v]
t,7,v)=In| 1+ S = |
92 () < B+ g+ VI+~
satisfy assumptions (VI) and (VIII). Indeed,

32e?

/0L|gl(b,j7v)|m1(v)dv:/obln<1+4(L3 +2)(3+J)>6_“dv

<

dv

/L 3L2€U e—v
04 +2)(3+7)

< 33 .
“40 +2)3+))

Hence

' 1
sup {/ lg1 (¢, 9,v)[ M (v) dv} <G, = "
0

L,JERY

lim / lg1 (¢, 9, v)| M1 (v) dv = 0.
0

L,]—00

And

L = Ln vl 3 o
/0|g2(L’j’v)‘mﬂv)dv_/o1 <1+(3+L2)(J+2)€/1T2> V1+02d
‘ vy/T+02
) Gro)gravize
3((2+1) {f0+7)-1)
<
T 8B+ 2V
3(2+1)VI+
TEBHS) T VIR
T8B+A) Gy

Hence
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L 3
sup {/ 192 (¢, 3,v)| m2 (v) dv} =Ga = 1.
t,JERY 0

lim / lg2 (¢, 7,v)| M2 (v) dv = 0.
1,300 Jo

In the following, these functions

arctan |g| + arctan ||
A+ +e

7, (¢,3,0,9)] < EDIED) =n1(4,7),

7('l (L7]’ Qv p) =

and
|T1 (Laju 02, @2) - (L7]7 01, @1)|
< larctan |ga| — arctan |1 || + |arctan |ps| — arctan | ||
= I+ 1+
< |02 — 01 + |2 — 1|
(1+7)(1+2)
<ni (1,7) (lo2 — 01| + |92 — ¢1l)
and
|cos o] + |sin p|
r2 (¢, 7, 0, = T oN/1 . oV
2
P —
|’I"2 ([’7.77 0, p)| = (1+]2) (1+L2) T2 (l’7j)7
and

‘7"2 (L,j, 02, @2) -T2 (Lm]? 01, @1)|
< llcos 02| — [cos or]| + [|sin 2| — |sin pi|
= 1+ 0+ 2)
lo2 — 01| + |2 — 1]
T+ 2 (1+2)
<ng (1,9) (le2 — o1l + |p2 — p11),

satisfy the assumption (VII). Also the following functions,

_ (I1+v)(1+v)
q1 (L7]7U7V)_ (2+L2)(3+] )
'U21/2
QQ(L,],U,V):

(442 (B+e2)
satisfy the assumption (/X), we have,

(1
//|Q1 (¢,9,v,v)| N1 vydvdu<// +u)(1+v) T dvdy

2+2)( 3+j) (14+v)(1+v)

(2+L2 3+y //dvdy

(2+L2)(3+J )
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Hence
T
sup Q1 (L, 0,0,v)|n UVdUdl/}<Q ,
oo { [ [ avim @it <=7
lim/ / lg1 (¢, 3,0, V)| 01 (v, V) dudy = 0.
L,)—00
And
/ 0o ( ) ) dud <// 2 dvd
v,v)|n v) dvdv v
L tos vl (o 0 5+L2> T+ o)1+
(4+j 5+L2 //dvdzx
2
(4+j)(5+L2)
Hence

1
sup // g2 (L, 2,0, V)| 1 Ul/)dvdy}<Q =,
L,Jeﬂh{ o2 ( Jma ( 2T W5
hm//\é]z (¢, 3,v,v)|ng (v,v) dvdy = 0.

L,]— 00

According to the above calculations, we will have:

~ PN 2
lemaX{Hl,Ul}:max{7,1n3}:ln3,
~ LA 3 3
ngmax{Hg,Ug}:max Z,1n2 =1
2 2 2
K K 220 _ =
1 =max{K;,Vi} = max{7 5} 3
1
Ky = max {Ko, Vo} = max{i 2} :Z.
And
2 1 2 m
K Gy +V - X -4 =-x—~0.199 < -,
1G1+ Vi@ = 7 4+5 X N 5
3 3 1 1 1
KoGy + Vs - X =4+ -x ——~0.196 < =
2Ga + V@2 = 4 16 + 5 X NG < 5
And

~ 2 /1 1
Kl(G1+Q1)5( +4\f> ~ (0.228 <3

L
45

Consequently, by using Theorem [9] we deduce that the system of functional-integral equa-
tions [20| has at least one solution ¢ = 0 (¢,7), ¢ = ©(¢,7) in the space B = BC (Ri) .

~ 3/3 1
Kz(G2+Q2)=4(16+ )20.224<2

263



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.10, N.2, 2025

5 Conclusion

We present some new versions of Darbo’s fixed point theorem in m-dimensional spaces using the
Cartesian product measure of noncompactness. Using these results, we show that it is possible
to investigate the solvability of classes of the system of implicit integral equations in which the
dependent operators in these equations include m-operators with m-variables and m-multiple
integrals. Another novelty aspect of this study is that different forms of Darbo’s theorem can be
obtained with various classes of functions in higher-dimensional spaces. Our study encourages
the authors to investigate the possible solvability of systems of nonlinear fractional differential
equations of order « in m-dimensional spaces.
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